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CHAPTER 1 



Introduction 



This thesis addresses the problems of equivalence and geometry of third order or- 
dinary differential equations (ODEs) which are stated as follows. 

The equivalence problem. Given two real differential equations 

(1) y'" ^ F{x,y,y\y") 
and 

(2) y'" ^F{x,y,y',y") 

for a real function y — y{x), establish whether or not there exists a local transfor- 
mation of variables of a suitable type that transforms ([T]) into ([2]) . 

The geometry problem. Determine geometric structures defined by a class 
of equations y'" = F{x^y,y',y") equivalent under certain type of transformations. 
Find relations between invariants of the ODEs and invariants of the geometric 
structures. 

One may consider equivalence with respect to several types of transformations, 
in this work we focus on three best known types: contact, point and fibre- preserving 
transformations. The fibre-preserving transformations are those which transform 
the independent variable x and the dependent variable y in such a way that the 
notion of the independent variable is retained, that is the transformation of a; is a 
function of x only: 

(3) x = x(a:), y^y^ y). 

The transformation rules for the derivatives are already uniquely defined by above 
formulae. Let us define the total derivative to be 
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The point transformations of variables mix x and y in an arbitrary way 

(5) X 1-^ X ^ x{x,y), y '-^ y ^ <P{x,y), 

with the derivatives transforming as in 
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The contact transformations are more general yet. Not only they augment the 
independent and the dependent variables but also the first derivative 

xi~^ x = x{x,y,y'), 

y^y^ (t){x,y,y'), 

y 7^ = v(x,y,y )■ 

ax 

However, the functions Xi 4* ^^'^ V' ^re not arbitrary here but subjecting to (|4ap 
which now yields two additional constraints 

Sx i^ixx + y'xy) = (t>x + y'(t>y, 

guaranteeing that dy/dx really transforms like first derivative. With these condi- 
tions fulfilled second and third derivative transform through (j4b|) - (jlc|) . Of course, 
fibre-preserving transformations are a subclass of point ones, as well as point trans- 
formations form a subclass within contact ones. 

We always assume in this work that ODEs are defined locally by a smooth real 
function F and are considered apart from singularities. The transformations are 
always assumed to be local diffeomorphisms. 

Example 1.1. In order to illustrate the equivalence problem let us consider 
whether or not the equations 

y'" = and y'" = 3 ^ 

y 

are equivalent. As one can easily check they are contact equivalent, since the 
transformation 

X 1-^ -2y', 
y 2xy'^ - 2yy', 
y' -2xy' + y 

applied to y'" — brings it to the other equation. However, they are not fibre- 
preserving equivalent, since the quantity 

I(x,y,y',y") = ^Fix,y,y',y") 

vanishes for every equation which is fibre-preserving equivalent to j/'" — but 
does not vanish for y'" — 3^^. In order to see this we apply a fibre- preserving 
transformation of general form ([5|) to y'" ~ and check that / = for the resulting 
equation. 

The above example shows importance of relative invariants in the equivalence 
problem. A relative invariant is a function of F and its derivatives such that if it 
vanishes for an equation y'" — F{x,y,y\y") then it also vanishes for every equa- 
tion equivalent to it, thereby each relative invariant provides us with a necessary 
condition for equivalence. Moreover, with the help of adequate number of rela- 
tive invariants we can also formulate sufficient conditions for equivalence of ODEs, 
although this construction is complicated and can hardly ever be carried out to 
the very end because of difficult calculations. The second problem, the problem of 
geometry, is even more fundamental and in fact it contains the problem of equiva- 
lence, for once a geometry associated with ODEs is constructed and a relationship 
between local invariants of the geometry and of ODEs is found then one can study 
the equivalence of ODEs via objects of the associated geometry. 
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A pioneering work on geometry of ODEs of arbitrary order is Karl 
Wiinschmann's PhD thesis 1 written under supervision of F. Engel in 1905. In 
this paper K. Wiinschmann observed that solutions of an nth-order ODE j/*^"' = 
F{x, y,y', . . . , y*-""^-*) may be considered as both curves y = y{x, cq, ci, . . . , c„_i) in 
the xy space and points c = (cq, . . . , c„_i) in the solution space R" parameterized 
by values of the constants of integration Ci . He defined a relation of fcth-order con- 
tact between infinitesimally close solutions considered as curves; two solutions y{x) 
and y{x) + dy{x) corresponding to c and c 4- dc have the fcth-order contact if their 
fcth jets coincide at some point (xq, yo)- Wiinschmann's main question was how the 
property of having (n — 2)nd contact for n — 3,4: and 5 might be described in terms 
of the solution space. In particular he examined third-order ODEs and showed that 
there is a distinguished class of ODEs satisfying certain condition for the function 
F, which we call the Wiinschmann condition. For a third-order ODE in this class, 
the condition of having first order contact is described by a second order Monge 
equation for dc. This Monge equation is nothing but the condition that the vector 
defined by two infinitesimally close points c and c -f dc is null with respect to a 
Lorentzian conformal metric on the solution space. The last observation, although 
not contained in Wiinschmann's work, follows immediately from his reasoning and 
was later made by S.-S. Chern [5], who cited Wiinschmann's thesis. 

The main contribution to the issue of point and contact geometry of third- 
order ODEs was made by respectively E. Cartan and S.-S. Chern in their classical 
papers [3l |4] and [5] . We discuss their approach and results in section [T] of 
Introduction; here we only mention that E. Cartan [3] proved that every third-order 
ODE modulo point transformations and satisfying two differential conditions on the 
function F, one of them being the Wiinschmann condition, has a three-dimensional 
Lorentzian Einstein- Weyl geometry on its solution space. E. Cartan also showed 
how to construct invariants of this Weyl geometry from relative point invariants of 
the underlying ODE. In the same vein S.-S. Chern constructed a three-dimensional 
Lorentzian conformal geometry for third-order ODEs considered modulo contact 
transformations and satisfying the Wiinschmann condition. In both these cases the 
conformal metric is precisely the metric appearing implicitly in K. Wiinschmann's 
thesis. Later H. Sato and A. Yoshikawa [52 applying N. Tanaka's theory [55j 
constructed a Cartan normal connection for arbitrary third-order ODEs (not only 
of the Wiinschmann type) and showed how its curvature is expressed by the contact 
relative invariants. 

Geometry of third-order ODEs appears in General Relativity and the theory 
of integrable systems. E.T. Newman et al [38l HH |23] devised the NuU Surface 
Formulation (NSF), a description of General Relativity in terms of families of null 
hypersurface generated by a Lorentzian metric. The 2 -I- 1-dimensional version of 
this formalism [20] is equivalent to Chern's conformal geometry for third-order 
ODEs [m US m], which was noticed by P. Tod [56] for the first time. We 
encapsulate results of NSF in section[21 Three-dimensional Einstein- Weyl geometry 
was studied mainly from the perspective of the theory of twistors and integrable 
systems by N. Hitchin [34], R. Ward [58], C. LeBrun [59] and P. Tod, M. Dunajski 
et al [36L I17L I18j ; for discussion of the link between the Einstein- Weyl spaces and 
third-order ODEs see ^46^ and [5^ . 

P. Nurowski, following the ideas of E. Cartan, proposed a programme of sys- 
tematic study of geometries related to differential equations, including second- and 
third-order ODEs. In this programme, ^ [HI [Ml |46l HH [49], both new and 
already known geometries associated with differential equations are supposed to 
be constructed by the Cartan equivalence method and are to be characterized in 
the language of Cartan connections associated with them. In particular in |46| P. 
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Nurowski provided new examples of geometries associated with ordinary differential 
equations including a conformal geometry with special holonomy G2 from ODEs of 
the Monge type. Partial results on geometries of third-order ODEs were given in 
[46|, 148^ \27\ I31j but the full analysis of these geometries has not been published 
so far and this thesis, which is a part of the programme, aims to fill this gap. 

Geometry of third-order ODEs is a part of broader issue of geometry of differ- 
ential equations in general. Regarding ODEs of order two, we owe classical results 
including construction of point invariants to S. Lie [40j and M. Tresse [57j . In 
particular E. Cartan [lOj constructed a two-dimensional projective differential ge- 
ometry on the solution spaces of some second-order ODEs. This geometry was 
further studied in [44j and |49j . the latter paper pursues the analogy between ge- 
ometry of three-dimensional CR structures and second-order ODEs and provides 
a construction of counterparts of the Fefferman metrics for the ODEs. Classifi- 
cation of second-order ODEs possessing Lie groups of fibre-preserving symmetries 
was done by L. Hsu and N. Kamran |35j . Geometry on the solution space of cer- 
tain four-order ODEs (satisfying two differential conditions) , which is given by the 
four-dimensional irreducible representation of Gi(2,M) and has exotic 6*^(2, R) 
holonomy was discovered and studied by R. Bryant [6], see also |47j . The GL{2, R) 
geometry of fifth-order ODEs has been recently studied by M. Godlihski and P. 
Nurowski [32] . 

The more general problems yet are existence and properties of geometry on 
solution spaces of arbitrary ODEs. The problem of existence was solved by B. 
Doubrov |14| . who proved that an rtth-ordcr ODE n > 3, modulo contact trans- 
formations, has a geometry based on the irreducible n-dimensional representation 
of G'L(2,R) provided that it satisfies n — 2 scalar differential conditions. An im- 
plicit method of constructing these conditions was given in [13j . Properties of the 
GL{2,R) geometries of ODEs are still an open problem; they were studied in [32], 
where the Doubrov conditions were interpreted as higher order counterparts of the 
Wiinschmann condition, and by M. Dunajski and P. Tod [19j . 

Almost all the above papers deal with geometries on solution spaces but one can 
also consider other geometries, including those defined on various jet spaces. The 
most general result on such geometries [16j comes from T. Morimoto's nilpotent 
geometry [42L 143] . It concludes that with a system of ODEs there is associated a 
filtration on a suitable jet space together with a canonical Cartan connection. 

1. Geometry of third-order ODEs — the present status 

We recapitulate the classical results on geometry of third-order ODEs. We do this 
mostly in the original spirit of E. Cartan, emphasizing the role of systems of one- 
forms and Cartan connections. The version of Cartan's equivalence method [9] we 
employ below is explained in books by R. Gardner [29j and P. Olver [51] . Some 
its aspects are also discussed by S. Sternberg [53] and S. Kobayashi [37j . 

E. Cartan's and S.-S. Chern's approach to ODEs. They began with the 
space J^^ of second jets of curves in (see ^50j and ^Slj for extensive description 
of jet spaces) with coordinate system {x,y,p,q) where p and q denote the first and 
second derivative y' and y" for a curve x 1-^ {x,y{x)) in M^, so that this curve 
lifts to a curve x 1-^ {x,y{x),y'{x),y" (x)) in J"^. Any solution y = f{x) of y'" = 
F{x,y,y',y") is uniquely defined by a choice of /{xq), /'(xq) and f"{xo) at some 
xq. Since that choice is equivalent to a choice of a point in there passes exactly 
one solution {x, f{x), f'{x), f"{x)) through any point of J^. Therefore the solutions 
form a (local) congruence on J'^ , which can be described by its annihilating simple 
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ideal. Let us choose a coframe (lj') on J^: 



(6) 



UJ 



dq- F{x,y,p, q)dx, 
dx. 



Each solution y — f{x) is fully described by the two conditions: forms uj^, w^, 
uj^ vanish on the curve t i— > {t, f {t), f {t), f" (t)) and, since this defines a solution 
modulo transformations of x, uj'^ — dt on this curve. 

Suppose now that equation ([1]) undergoes a contact, point or fibre- preserving 
transformation^ Then ^ transform by 



(7) 



UiUl 



Ul — U2UJ 



U3UJ , 



with some functions mi , . . . , ug defined on J^^ and determined by a particular choice 
of transformation, for instance 



Ul = (j)y - ^Xy, 

M7 = DX, Us=Xy, Ug 



Xp- 



In particular, ug = in the point case and ug = ug = in the fibre-preserving 
case. Since the transformations arc non-degenerate, the condition U1U3U5U7 
is always satisfied and transformations ([7|) form groups. Thus a class of contact 
equivalent third-order ODEs is a local G-structurqj Gc x J'^ , that is a local subbun- 
dle of the bundle of linear frames on J'^ , defined by the property that the coframe 



(8) 



belongs to it and the structural group is given by 



/ui \ 

U2 U3 

U4 U5 Uq 

\us uq ut/ 



In a like manner, for point and fibre-preserving transformation we have G-structures 
with groups Gp C Gc given by ug = and Gf d Gp given by ug — ug = 0. 

Thereby the problem of equivalence has been formulated; two ODEs are 
contact/point /fibre-preserving equivalent if and only if the Gc/Gp/G/-structures 
which correspond to them are equivalent. In other words, it means that there exists 
a diffeomorphism which transforms one G-structure into the other G-structure. 

On the bundles GcX J^, GpX or Gj x there are four fixed, well defined 
one- forms {9^, 9^,9^,9'^), the components of the canonical M^-valued form 9 existing 
on the frame bundle of J^^. Let us consider the contact case as an example. Let 
(x) denote x,y,p,q and (g) be coordinates in Gc given by Let us choose a 
coordinate system {x,g) on Gc x compatible with the local trivialization. Then 



Although E.Cartan and S.-S. Chern did not examine fibre-preserving transformations we 
treat them on equal footing with the others for future references. 
^We work in the local trivializations of the G-structure 
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9^ at the point {x,g ^) read 

6'^ =U4LJ^ + U^Uj'^ + UqUJ^ , 

The idea of Cartan's method is the foUowing. Starting from Gc x (or Gp x 
or G/ X J'^) one constructs a new principal bundle V — H x J"^ (with a new group 
iJ) equipped with one fixed coframe (0% f2^) built in some geometric way and such 
that it encodes all the local invariant information about Gc x j"^ (or Gp x j"^ or 
G/ X respectively) through its structural equations. 

Remark 1.2. As an illustration of this idea consider its very special application 
to a metric structure of signature (fc,Z) on a manifold M.. The structure defines 
locally the bundle 0{k,l) x Ai, an 0(fc, ^)-reduction of the frame bundle. If (w') 
is an orthonormal coframe on Ai, then the forms (6'*) at a point {x,g) are given 
by 6** — {g^^YjU!^, g G 0{k,l). Moreover, associated to (w*) there are the Levi- 
Civita connection one-forms F'^ , which when lifted to 0{k, I) x M define ^n{n— 1) 
connection forms fi*^ by 

n^^{x,g) = {g-')\rMx)g'^ + {g-')\dg'^. 

Clearly (0*,r2-'j,) is a coframe on 0{k,l) x Ai. It is the Cartan coframe for the 
metric structure. The Cartan invariants are the Riemannian curvature R given by 
the equations 

and its consecutive covariant derivatives. Here it is easy to construct the desired 
coframe because there is a distinguished o(fc, ^)-valued connection — the Levi-Civita 
connection. 

In our cases situation is more complicated. There are no natural candidates 
for the forms il^ since there is no distinguished connection on the bundles G. x . 
In order to resolve such situations E. Cartan developed the method of constructing 
the desired bundle V through a series of reductions and prolongations of an initial 
structural group. This procedure is too complicated to be included in Introduction; 
we postpone the full discussion to section[2]of chapter [5] where we follow E. Cartan's 
and S.-S. Chern's reasoning. Here we only formulate main conclusions. 

Point equivalence. Examining the problem of point equivalence E. Cartan 
constructed for every ODE a local seven-dimensional bundle V over , a reduction 
of Gp X J^, together with a coframe {0'^,9'^, 0^,9"^, ^1,^2, ^3) on V. The coframe 
contains all the point invariant information on the original ODE due to the following 
theorem, which is the application of the equivalence method to third-order ODEs. 

Theorem 1.3 (E. Cartan). Equations y'" = F{x,y,y',y") and y'" = 
F{x,y,y' ,y") with smooth F and F are locally point equivalent if and only if 
there exists a local diffeomorphism ^: V V which maps the Cartan coframe 
{9^,..., Qa) of F to the coframe {9^,..., Vfi) of F, 

^*9' = 9\ = i = l,...,4, /i= 1,2,3. 

projects to a point transformation {x,y) {x(x,y),y{x,y)) which maps F to F. 
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The general idea of determining whether or not <& exist is as follows, see 
The structural equations for the Cartan coframe are 

de^ =172A 9^ + n^A 6*2 + 9'^ A 9^, 
d9^ =n2A9^ + {2^3 - ni)A9^ + Ax9-^a9\ 
d9-^ ^{fli - 03)a 9^ + Bi9^A 9^ + B29^A 9\ 
(10) dill = ~ n2A 9'^ + (Di + 363)6*1 A 02 + (3B4 - 2Bi)9\ 9^ 
+ (2Ci - A2)9^a9-^ - B29^A 9^, 
dn2 ={^3 - 17i)a ^2 + Dae^^A 9^ + (Di + B3)9^a 9^ + Aa9\ 9'^ 

+ (2B4 - Bi)6|2a 9^ + Ci6|2a 9^, 
dr^g ==(Di + 2B3)9^A 9^ + 2(B4 - Bi)6|1a 9^ + C'i_9^A 9^ + B29^a 9^, 

with some explicitly given functions Ai, A2, A3, Bi, B2, B3, B4, Ci, Di, D2 on V. 
Let {Xi, . . . , X7) denotes the frame dual to (6'^, . . . , fia). Since pull-back commutes 
with exterior differentiation each of these functions is a point relative invariant of 
the underlying ODE. Furthermore, the coframe derivatives Xi{Ai), . . . , Xi{'D2), 
Xi(Xi(Ai)), . . . ,Xi{Xj{'D2)), • ■ • of arbitrary order are also point relative invari- 
ants. We calculate all relevant coframe derivatives for F and F up to some finite 
order n and gather them into respective functions T: V ^ and T: V ^ 
with the same target space of dimension N equal to the number of the invariants. 
Finally, we examine whether or not the graphs of T and T overlap as manifolds 
in . If they overlap, then the sought diffeomorphism <i> exists between certain 
nonempty open sets U C T~^{0) and U C T^^{0), where O is the overlap. A 
detailed explanation of this procedure is given at the beginning of chapter |4j at this 
stage we only need to know that the coframe solves the point equivalence problem 
for ODEs. What joins this problem with the domain of differential geometry is the 
fact that the coframe is a geometric object — a Cartan connection — on ^ J'^. 

In order to introduce the notion of Cartan connection we first show how to read 
the structure of principal bundle on ^ J'^ from pO|l . Fibres of the projection 
V ^ are annihilated by the forms 9^,9^,9^,9"^, and the vector fields X^,Xq, X^ 
are tangent to the fibres. Simultaneously, the commutation relations of these fields 
are isomorphic to commutators of the three-dimensional algebr£0 f) = R® (M0. R) 
and they define a local action of the group _ff = R x (R k R) on for which 
Xc,,Xq,X'! are the fundamental fields. 

Now, let us focus on the most symmetric situation when all the relative invari- 
ants Ai , . . . , D2 vanish. This case corresponds to an ODE which is point equivalent 
to the trivial y'" — 0. For such an ODE the equations pU|) become the Maurer- 
Cartan equations for the algebra co(2, 1) 0. R'^, where co(2, 1) = R 5o{2, 1) is 
the orthogonal algebra centrally extended by dilatations generated by the iden- 
tity matrix. As a consequence, V becomes locally the Lie group C0{2, 1) k R'^, 
with the left-invariant fields Xi,. . . ,X-j. Therefore j"^ is the homogeneous space 
H CO{2, 1) K R3 ^ CO{2, 1) K R3/iJ acted upon by C0{2, 1) k R^. This group 
acts on as the group of point symmetries of y'" — 0, that is for any solution 
y = f{x) of y'" = its graph x {x,y{x),y' {x),y" (x)) in J^^ is transformed into 
the graph of other solution of y'" ~ 0. The coframe {9"^,^}^) can be arranged into 



■^The symbol gffi. f) denotes a semidirect product of the Lie algebras g and f) 
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the following matrix 



/f^3 

- rii 





-9'^ 
-9'^ 



\ 









(11) 



LU = 



9^ -^2 
03 

\ 6i3 



^1 ~ ^3 
-02 01 



which is the Maurer-Cartan one-form of CO(2, 1) k M^^ the language of tD the 
equations (fTU|) read 



Turning to an arbitrary situation, we see that non-trivial cases can not be 
described in this language, since the invariants Ai, . . . , D2 do not vanish in general 
and the last equation does not hold. We need a new object, the Cartan connection, 
defined here after [37] . 

Definition 1.4. Let H ^ V ^ Mhe a. principal bundle and let G be a Lie 
group such that H is its closed subgroup and dimG = dim 7^. A Cartan connection 
of type (G, H) on is a one-form a) taking values in the Lie algebra g of G and 
satisfying the following conditions: 

i) uJu ■ TyV — » for every m S 7^ is an isomorphism of vector spaces 

ii) A* _iuj = A for every A €\) and the corresponding fundamental field A* 

iii) Rlu = Ad(/i-i)S for H. 

A Cartan connection is then an object that generalizes the notion of the Maurer- 
Cartan form on a Lie group. The curvature of a Cartan connection 



does not have to vanish any longer and measures, as it were, how far H V ^ A4 
'differs' from the homogeneous space H ^ G ^ G/H. 

In our case the formula (fTTjl defines a co(2, 1) ©. R^.yalued Cartan connection, 
whose non-vanishing curvature contains basic point invariants, from which the full 
set of invariants can be constructed through exterior differentiation. This is the 
basic relation, announced at the beginning of Introduction, between classification 
of ODEs and their geometry. In chapter [3] we discuss properties of u) in full detail. 

The geometry introduced above, however, is not the most interesting structure 
one can associate with the ODEs modulo point transformations. Indeed, the crucial 
observation E. Cartan made in his paper [3| was that the connection Q may generate 
a new type of geometry on the solution space of certain classes of ODEs. 

In order to present the idea of this construction let us invoke once more the 
trivial equation y'" = but now consider how the symmetry group act on the 
solutions regarded as curves in the xy plane. It is well-known that the full group 
of point symmetries of y'" = is generated by the following one-parameter groups 
of transformations (x, y) 1— > ^l{x, y) 



K = du) H — [uj, Q] 



'^lix, y) 
y) 
y) 



{x, y + t), 
{x, y + x^t), 
{xe\ ye*). 



y) 
y) 

'ft (a;, y) 



(x, y 4- 2xt), 
{x + t, y), 





is a parabola of the form 

y{x) — C2x'^ + 2cix + Co 
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with three arbitrary integration constants C2, ci, cq. Therefore a solution of if" = 
may be identified with a point c = {02,01,00)^ the solution space S ^ K"^. 
Transforming (fT2|) according to the above formulae we find that $j , , are 
translations in the solution space S: 






while transformations $J generate the three-dimensional irreducible repre- 

sentation of C0(2, 1): 

$^(c) = expt (0 1 I c, $^(c) = expt [0 | c, 

\0 




/O 0\ /O 2 0\ 

$^(c) = expt 1 c, $[(c) = expt 1 c. 

\0 2 0/ \0 0/ 

Thereby 5 is a homogeneous space equipped with the flat conformal metric0 [g\ 

(13) 5-(dco)(dc2)-(dci)2 
and preserved by CO (2, 1) 

M'^gM = e^g, for M G C0(2, 1) and A G R. 

Apart from \g] there is another piece of structure in S. The symmetry group act- 
ing on S is not the full ten-dimensional conformal symmetry group of the flat metric 
Conf{2, 1) = 0(3, 2), but merely CO{2, 1) k R^, the Euchdean group extended by 
dilatations, hence another object is needed to reduce 0(3,2) to CO(2, 1) x R^. 
This object is the Weyl one-form of the flat Weyl geometry. Let us remind that a 
Weyl geometry {g, (j)) is a metric g and a one-form cj) given modulo transformations 
g e^^g, 0^0 + dA, see chapter [51 section |2 . 1 1 In our case the Weyl geometry is 
flat, because there is the flat representative for which, in addition, ^ = 0. 

Now a question arises: how the flat Weyl structure on S can be reconstructed 
from the Cartan coframe (0% ri^)? In order to answer this question we will use the 
method of construction through flbre bundles and Lie transport, which differs from 
E. Cartan's original reasoning and was introduced by P. Nurowski, cf [451 146] . 

To begin with, we observe that V is always, not only in the trivial 
principal bundle CO(2, 1) ^ V ^ S. Indeed, as we said, J'^ is fohated by solutions 
of the underlying ODE, which are curves in annihilated by 0;^,^^ and u)^. 
Thus we have a projection J'^ S with the flbres being the solutions. As a 
consequence P is also a bundle over S with leaves of the projection annihilated by 
the ideal {9^, 6^,6^). On the leaves of 7^ ^ 5 there act the vector fields X4, . . . , Xj, 
members of the frame dual to {9'^, Sl^). In view of piT)) their commutation relations 
are isomorphic to co(2, 1) and turn each leaf into an orbit of the free action of 
CO{2, 1) regardless whether or not the invariants Ai, . . . , D2 vanish. If in addition 
Ai = . . . = D2 = then locally P = CO{2, 1) ix K'^, which generates the structure 
of homogeneous space on S. Next, still in the trivial case, let us consider the bilinear 
form 

(14) g = 29^9^ - {9^Y 



The symbol [g] denotes the conformal metric, whose representative is the metric g. We also 
adapt the following notation: o/3 = ^{a ® p + fj ® a) for one-forms a and /3. 
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and the one- form on V. We calculate the Lie derivatives of these objects along 
the fields X4, . . . , tangent to the fibres oiV ^ S and observe that 

^^g^ 5(X„.) = 0, for j = 4,5,6,7, 

Lx^g^O, Lx^g^O, Lxed^O, Lx-^g ^ 2g 

and 

XiMs = 0, Xr^jQa = 0, XqMs = 0, XrMs = 1, 
^^^^ Lx,r!3 = 0, for J =4, 5, 6, 7. 

These properties allow us to project the pair (5,5^3) along ^ 5 to a Weyl 
structure {g, (f) on S. This is precisely the fiat Weyl structure obtained above by 
action of the symmetry group. 

The construction through Lie derivatives and the projection has an essential 
advantage in comparison to the symmetry approach, since it can be immediately 
generalized to non-trivial equations. In fact, the equations (|15p . hold not only 
in the trivial case y'" = but under much weaker conditions Ai — and Ci — 0. 
Calculating the explicit forms of these invariants Cartan proved that if only an 
ODE given by a function F{x,y,p,q) satisfies 

(17) {V - (iPF, ~ - ^F,) +Fy=0, 

(18) V^Fgg-VFgp+Fgy^O, 

where 

V ^ dx+pdy + qdp + Fdg, 

then it has a Weyl geometry on its solution space S. The quantity on the left hand 
side of the condition (|17p . the Wiinschmann invariant, was found in W for the first 
time. 

For the equations satisfying (dH) and UHl) the bundle CO(2, 1) ^ ^ 5 is 
the bundle of orthonormal frames for the conformal metric [g] on S, whereas u) 
of (fTTjl becomes a co(2,l) ©. R^-valued Cartan connection. The co(2,l)-part of 
u) is the Weyl connection, and the Weyl curvature is expressed by the invariants 
61,62,63,64, which do not vanish in general. Cartan proved that all the Weyl 
geometries constructed of third-order ODEs are Einstein, that is the traceless part of 
the Ricci tensor for their Weyl connections always vanishes. Finally, he observed [4] 
that these Einstein- Weyl geometries are of general form; for each three-dimensional 
Lorentzian Einstein- Weyl structure there is an ODE satisfying (fTT)) . (HH]), whose 
solution space carries this structure. 

Contact equivalence. Soon after E. Cartan studied the point equivalence 
and geometry, the contact problem was examined by S.-S. Chern using the same 
method. After a slightly more complicated construction (we discuss it in chap- 
ter [2|) Chern built a ten-dimensional bundle V — *■ J^^ equipped with the coframe 
(Q-^, 6^, 9^, 0^, ill, ■ ■ ■ , ^e)- For y'" = the structural equations coincide with the 
Maurer-Cartan equations for the algebra o(3, 2) = sp(4,M) which refiects the fact 
that 0(3, 2) is the maximal group of contact symmetries of y'" = 0. 

Next difference between Cartan's and Chern's results is that here the coframe 
(6**, ilfj^) for a general ODE is not a Cartan connection since it does not transform 
regularly along the fibres of the bundle V — » J"^, i.e. does not fulfill condition iii) 
of the definition. Lack of this regularity means that there are nonconstant JIqA 9^ 
terms in the structural equations. However, from the point of view of S.-S. Chern, 
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who was interested in geometries on the solutions space analogous to the Einstein- 
Weyl geometries, this fault was insignificant and he did not investigate it. The 
Cartan connection for this problem was given later in [52j and in |16j . 

Leaving aside this topic let us consider S.-S. Chern's results. Given the ten- 
dimensional coframe he noticed that in the structural equations there appears the 
Wiinschmann invariant and further analysis depends on whether it vanishes or not. 
If the Wiinschmann invariant vanishes then the coframe {9'\ 17^) becomes an o(3, 2)- 
valued Cartan normal conformal connection over S. In this case S.-S. Chern gave 
an explicit formula for the underlying Lorentzian conformal metric [g] in terms of 
the forms uj^,uj'^,uj^ on J'^, see eq. (ICTI) in chapter [51 Since the contact symmetry 
group of y'" = is 0(3, 2), the full conformal group of the flat metric in 2 -|- 1 
dimensions, there is no additional geometric object on S and we have just the 
conformal geometry instead of a Weyl geometry there. Later it was shown |48j 
that the conformal geometry can be obtained from the bilinear symmetric field 
g — — 26^6^ on V by virtue of conditions analogous to The lowest-order 
conformal invariant in three dimensions — the Cotton tensor — was also expressed 
in terms of contact relative invariants for DDEs. 

Turning to the equations with non- vanishing Wiinschmann invariant, S.-S. 
Chern continued reduction of the bundle V according to Cartan's method and 
obtained a five-dimensional manifold, say P5, which is a line bundle over J^^ and 
is furnished with a coframe {9^ , . . . ,6^,il). Next, he recognized that in the homo- 
geneous case of the equation y'" = —y the bundle is a group k and it 
generates a geometry of cones on the solution space. This is rather an exotic kind 
of structure and we will not discuss it here, referring the reader to section [7] of 
chapter [21 

This closes our summary of the known results on the geometry and classification 
of third-order ODEs. 

2. Null Surface Formulation 

An intriguing thing about third-order ODEs is that the Lorentzian geometry on S 
was rediscovered fifty years after S.-S. Chern from completely different perspective, 
the perspective of General Relativity. In a series of papers |38|, \22\ \2d\ 124] E.T. 
Newman et al proposed and developed the Null Surface Formulation (NSF), an 
alternate approach to General Relativity. Ideas of this approach are the following. 
Let M'^ be a four-manifold coordinated by {x^^). Usually, the basic object in General 
Relativity is a Lorentzian metric g on M'^ (or the Levi-Civita connection), from 
which other objects are derived, the Riemann tensor, the Weyl tensor and the 
Einstein tensor, on which dynamics is imposed by the Einstein equations. One of 
many objects in Lorentzian geometry is a null hypersurface. It is by definition a 
hypersurface Z{x^) — const in Al* which satisfies the eiconal equation 

(19) 5(d^,dZ) = 0, 

where g is the inverse (contravariant) metric. For a given g the family of all null 
hypersurfaces is fully defined by the above equation. 

The NSF is an alternate point of view, here one begins with Al* without any 
metric but endowed with a two-parameter family of hypersurfaces. Starting from 
these data a Lorentzian conformal metric is constructed by the property that these 
hypersurfaces are its null hypersurfaces; the metric is found by solving the eiconal 
equation ([19]) with respect to the components g^^'^ . In this approach it is the family 
of hypersurfaces that is a basic concept and the metric is a derived one. The family 
is defined by a sufficiently differentiable real function Z{x^ , s, s*) on x S*^, where 
s and s* are stereographic variables on the sphere and * denotes the complex 
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conjugation. Each hypersurfacc is a level set 

Z{x^ , s, s*) = const, 

with some fixed s. The reason why s £ S"^ is that the hypersurfaces are to be null 
and then S*^ becomes the sphere of null directions. When are fixed and s sweeps 
out the sphere we obtain the corresponding hypersurfaces at orthogonal to all 
null directions. In order to find the metric the authors assumed that the functions 

(20) /° = Z, f+^Zs, r^Z,,, f'^Z.s' 

form a coordinate system on Ai* for all s, introduced the coframe 
(d/°, d/"*", d/~, d/^) and found exphcit formulae for components g^'^ in this 
coframe. The eiconal equation implies = in the coframe (d/^) but one 
must still take into account vanishing of derivatives of with respect to s and s* . 
Doing so the authors found that the conformal metric is uniquely defined by the 
family of hypersurfaces provided that the function Z and a real conformal factor 
r2^(a;'', s,s*) for the Lorentzian conformal metric satisfy two quite complicated com- 
plex differential conditions, referred to as metricity conditions. If they are satisfied 
then the components of the conformal Lorentzian metric [g] are products of fi^ and 
some expressions containing derivatives of Z. Moreover, both metricity conditions 
and the components only depend of Z via its derivatives Z^s and Zs's* and 
one can eliminate the space-time coordinates in 51 and Zss through (|20p and obtain 
the functions 

Thereby information about a Lorentzian metric is encoded by two complex functions 
n and A of the variables (s, s*, Z{s, s*), Z^, Z^*, Zgs*), satisfying the two metricity 
conditions and the integr ability condition gpr? A = 372 A*. 

Next step was writing down Einstein equations = xT'^'^ in the new vari- 
ables. The authors proved that applying consecutive derivatives dg and ds* to 

(21) G^^'Z^Z, - KT^'''Z,,Z,, 

Z^ — dfj^Z , one obtains nine out of ten equations and the lacking tenth equation, 
the trace component, is recovered with the help of the metricity conditions. After 
suitable substitutions, the vacuum version of (|2ip reduces to one equation 

Q.fifi - Q[A]17 = 0. 

In this manner the vacuum Einstein equations were reduced to the set of four 
complex equations for Vi and A: the one above, the two metricity conditions and the 
integrability condition for A. Having proven this result in j23i , the authors moved to 
the analysis of solutions of the Einstein equations, their linearization, perspectives 
for quantization and other topics we will not cover here. From our point of view 
the most interesting is the three-dimensional version of the NSF }20|, I26|, I25|, 127] , 
which leads immediately to third-order ODEs. We cite the construction in detail. 

In the case of 2 + 1-dimensional Lorentzian geometry on A^'^ the space of null 
directions is diffeomorphic to and a conformal class can be reconstructed from 
the one-parameter family of surfaces 

Z{x^ , s) = const, 

where (x*) = (a;°, x^, x^) e and s e real. Let us introduce the functions 

(22) y = Z{x\s), p^Zs{x\s), q^Z,,{x\s) 
and the coframe 

cr*^ — dy, = dp, = dq. 
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The third derivative, Zsss{x^ , s), together with ([22]) define a real function 

Hs,y,p, q) = Zsss{x'{s,y,p, q),s). 

It is obvious that the variables (s, y, p, q) constitute a coordinate system on J^^ , 
the space of second jets of functions K. Moreover, the function A on J'^ 

defines the third-order ODE 

(23) Zsss=A{s,Z,Zs,Zss) 

for Z{s). The function Z{x\s), with which we have begun, can be identified 
with the general solution of this equation, playing the role of three integration 
constants. In this manner M.^ becomes the solution space of the ODE and M.^ x 
is identified with J"^, where the projection j"^ — > is given by (x',s) ^ (a;*). 
The fibres of this projection are solutions of P5)) considered as curves in J^. We 
also notice that the total derivative ^ applied to a function on coincides with 
the total derivative V 

^f{s,y,P,q) ='Df = {ds +pdy + qdp + Adq)f. 

It follows that the construction of a conformal geometry from the family of surfaces 
is fully equivalent to Chern's construction described earlier and the metricity con- 
ditions contain the Wiinschmann condition. Let us look at how this construction 
was done. The eiconal equation 

g'^Z^Zj = g'^ytVj = 

for the sought metric g = g'^^d,j.i ® d^j implies, as before, 5"° = in the coframe 
(a*). Taking dgg^'^ gives 

Another derivation ds yields 

Third and fourth derivatives yield 

g°% + 3gi2 = 

and 

ff°2(i?A,-iA^-3Ap) + 3ff22 = o. 

At this point all the components of the metric are found and are proportional to 
g^^ , which becomes naturally the conformal factor fi^ (a;* , s) . The conformal metric 
in the basis {dy, dp,dq) is as follows 

/O 1 
g"^ =1^M -1 -iA, 

\1 -iA, -il?A, + iA2 + Ap 

n is not an arbitrary function of s, since fl^ = g^^ = g''^yiqi and applying T) we get 

3 ^ 

This is first of the metricity conditions, it is a constraint on 17 provided that A is 
known. Second condition is obtained by taking the fifth derivative of the eiconal 
equation with respect to s. It reads 

^ g'^{5pidtZj + Z.dlZj + lOd^Z.d^Zj) = 

= 5g'\VA)p + 5gi2(pA), + g'^'iV^A), + lOCg^'A, + g'^Ap + g^^A,). 

Substituting the metric components by their explicit forms we obtain precisely the 
Wiinschmann condition ([T7]) for A. 
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The relations between third-order ODEs and 2 + 1-dimensional conformal ge- 
ometry in the NSF were further studied in |26|, I25|, I27j . In 26j it was shown 
that one can generate the conformal metric on the solution space starting from the 
system ([6|) of one-forms on associated with an ODE. The authors defined 
the tensor 

(24) 2wi(tj3 + acji+6cj2)-(cj2)2 

on j"^ with arbitrary functions a and h. Next they imposed the condition that Lie 
transport of the above tensor along fibres of the projection J"^ solution space 
is conformal. The construction is parallel to (|14p and the conditions for conformal 
Lie transport fix uniquely a and 5, and yield the Wiinschmann condition in a 
like manner to (fT^ and (fTB)) . In |25| the authors re-proved the invariance of 
the so obtained conformal geometry under contact transformations of the related 
ODE, which reflects a gauge freedom in the NSF. Finally, in 27 explicit formulae 
were given for the curvature of normal conformal connection in terms of contact 
invariants of third-order ODE. 

Simultaneously to the research on the three-dimensional version of the NSF, 
much progress was made in understanding the full four-dimensional formalism in 
[25l US [28] . Here {s, s* , Z{s, s*), Zg, Zs* , Zss' , Zgs, Zs^.s^.) are coordinates on the 
second jet space J7'^(52,K) of functions S"^ R. Owing to this fact, the complex 
function A defines a pair of PDEs for a real function Z of the variables s and s* 
through 

Zss—-^is,S , Z, Zs, Zs' , Zss"), 
Zg-s* —■^*{s,S*,Z,Zs,Zs',Zss»), 

while the space-time Al"* is the space of solutions to this system, (x^) being con- 
stants of integrations. Following ideas of the three-dimensional construction the 
authors considered the six-dimensional submanifold L of J'2(IR2,E) given by the 
PDEs. They considered the Pfaffian system on L associated with the PDEs and, 
following the formula (|24p . they built a symmetric tensor on L from the Pfaff forms. 
This tensor projects to a conformal geometry on provided that the metricity 
conditions for A are satisfied, which can be now viewed as generalizations of the 
Wiinschmann condition. The Cartan normal conformal connection for this geome- 
try was constructed [28\. The Null Surface Formulation is still an ongoing project 
and work is being continued to obtain conformal Einstein equations in terms of 
invariants of the PDEs. 

3. Results of the thesis 

The thesis has threefold aim. 

i) Constructing new geometries associated with third-order ODEs modulo 
contact, point and fibre-preserving transformations of variables. Consid- 
ering possible applications to General Relativity. 

ii) Describing new geometries together with the already known in the lan- 
guage of Cartan connections with curvature given by respective invariants 
of ODEs obtained by Cartan's method. 

iii) Applying Cartan invariants to classification of certain types of third-order 
ODEs. 

In order to construct the geometries we follow Cartan's construction outlined 
in section [T] of Introduction. We start from the equivalence problems formulated 
in terms of the G-structures ^ and apply Cartan's method to obtain manifolds 
V equipped with the coframes encoding all the invariant information about ODEs. 
Next we show how to read the principal bundle structures of these manifolds over 
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distinct bases. Usually it is the structure over S which is the most interesting, 
but we also consider structures over J'^ and certain six-dimensional manifold 
Ai^, which appears naturally. When the structure of a bundle is established then 
the invariant coframe defines a Cartan connection on V base, usually under 
additional conditions playing similar role to the Wiinschmann condition. In order 
to obtain the geometries and the Wiinschmann-like conditions we often apply the 
P. Nurowski method of construction by Lie transport and projection. 

In the most symmetric cases, when the underlying ODEs have transitive sym- 
metry groups, the bundles V become locally Lie groups while their bases become 
homogeneous spaces, providing homogeneous models for the geometries. Since 
the dimension of S and J^^ is three and we build geometries with at least two- 
dimensional structural group then the homogeneous models are given by the ODEs 
with at least five-dimensional symmetry group. Below we encapsulate our results. 
The geometries of the ODEs are also gathered in table [T] on page 1191 

Unfortunately, among fourteen geometries which we consider in this work, there 
is no Lorentzian geometry or any new geometry which could currently be applied 
to General Relativity. 

Contact geometries. Chapter [5] is devoted to the geometries of the ODEs 
modulo contact transformations. The only equations possessing at least five- dimen- 
sional contact symmetry group are the linear equations with constant coefficientfH, 
that is 

y'" = 

with the symmetry group 0(3, 2) and 

y'" = ~2fiy' + y, € K, 

mutually non-equivalent for distinct /i, with the symmetry group k M"^. Sections 
[T] to m discuss geometries whose homogeneous model is generated by y'" — 0. In 
section [T] we state the main theorem in that chapter, theorem 12.11 which describes 
the geometry on J'^. It can be recapitulated as follows. 

Theorem (Theorem l2.ip . The contact invariant information about an equation 
y'" = F{x,y,y' ,y") is given by the following data 

i) The principal fibre bundle Hq V j'^ , where dimT' = 10 and Hq is a 
six- dimensional subgroup of 0(3, 2) 

ii) The coframe (0^, 0^, 0'^, 0"*, f2i, ri2, f^3, f^4, f^5, f^e) on V which defines the 
o(3,2) ^ sp(4,M) Cartan normal connection u)'^ on V. 

The coframe and the connection ujc «re given explicitly in terms of F and its deriva- 
tives. There are two basic relative invariants for this geometry: the Wiinschmann 
invariant and Fy"y"y"y" ■ 

This theorem is almost identical to the result proved in [52j and the only new 
element we add here is the explicit formula for the connection. Section [2] contains 
the proof of the theorem, which repeats S.-S. Chern's construction of the coframe 
and the construction of the normal connection of [52] . 

Sections m to m discuss next three geometries generated by lj'^. Section [1] con- 
tains the construction of the Lorentzian geometry on the solution space and, after 
[48j . gives explicit formulae for the normal conformal connection. Section [5] studies 
a new type of geometry in the context of third-order ODEs, the contact-projective 
structure on . The idea of this geometry is the following. Consider the solutions 
of an ODE as a family of curves in J^^ and ask whether these curves are among 
geodesies of a linear connection. The answer to this question is positive provided 



'We prove this statement in chapter |4] 
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that Fyiiyiiy„y„ = Q iTi t Ms case there is a whole family of connections for which 
the solutions are geodesies. Such a family of connections in is an example of 
a contact projective structure, see D. Fox [21| for the general definition of contact 
projective structures. Moreover, Tanaka's theory allows us to define a notion of nor- 
mal Cartan connection for these structures in dimension three [7], [8], |21| . It is then 
a matter of straightforward calculations to check that Q'^ is the normal connection 
for our contact projective structure. In section [H] we construct a six-dimensional 
split signature conformal geometry on some six- manifold A^^ over which P is a 
bundle. Next we show that the associated normal conformal connection w has a 
special conformal holonomy reduced from o(4,4) to o(3,2) 0. C o(4, 4) and, 
what is more, lj'^ is precisely the o(3, 2) part of w. These results are summarized 
as follows. 

Theorem. The connection Q'^ of theorem \2.1\ has fourfold interpretation. 

1. It is always the normal o(3,2) Cartan connection on (Chern-Sato- 
Yoshikawa construction. ) 

2. // the ODE has vanishing Wiinschmann condition then u)'^ is the normal 
Lorentzian conformal connection for the Lorentzian structure on the solu- 
tion space ( Chern-NSF construction.) 

3. // the ODE satisfies Fyiiyiiyiiy,, = then lu'^ becomes the normal Cartan 
connection for the contact projective structure on . 

4. <2'^ is the o{3,2)-part of the o(4,4) normal conformal connection for the 
six- dimensional split conformal geometry on M.^ with special holonomy 
0(3,2) ©. R5. 

In section [7] we turn to geometries, whose homogeneous models are provided 
by the equation y'" — —Ifiy' -\- y. Following Chern we reduce the bundle V to its 
five-dimensional subbundle. Then we find that 

Theorem fTheorem l2.13|) . Every ODE satisfying some contact invariant con- 
dition a'^[_F] = /i = const has a geometry on its solution space together with a 

linear connection from the invariant coframe. The action of the algebra on 
S is given by 

u v 0\ 
— /iti u V \ . 
V —fiV uj 

This geometry seems to be a generalization of Chern's 'cone geometry' which 
was associated with the equation y'" — ~y and briefly mentioned to exist for 
arbitrary ODEs. In our construction the action of depends on the characteristic 
polynomial of respective linear equation, and we get a real cone geometry provided 
that it has three distinct roots. 

Point geometries. In sections [T] to [5] of chapter [3] we study the geometries 
associated with the ODEs modulo point transformations. Sections [T] to H] deal with 
the geometries modelled on y'" = 0. Our approach is analogous to the contact 
case and results are similar, with some caveats. The algebra co(2, 1) ©. K"^ is not 
semisimple, hence the methods of the Tanka theory fail here. Moreover, even its 
generalization, the Morimoto nilpotent geometry, does not work in this case, since 
the point geometry of third-order ODEs on J'^ is not a filtration. As a consequence, 
we do not have a general theory about existence of Cartan connections and in the 
case of , where we find point projective structure, certain refinement of contact 
projective structure, we are not able to find any connection and suppose that it 
does not exist in general. We also construct a six-dimensional Weyl structure in 
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the split signature, which is related to the six-dimensional conformal geometry of 
the contact case. To summarize 

Theorem. The following statements hold 

1. The point invariant information about y'" — F{x,y,y' ,y") is given by 
the seven-dimensional principal bundle —>■ V ^ together with the 
coframe 9^ ,B'^ ^O"^ , ^1,^2-, ^^3 on V , which defines the co(2, 1)0. Car- 
tan connection u)P ( Cartan construction.) 

2. // the ODE has vanishing Wiinschmann ()17p and Cartan psp invariants 
then it has the Einstein- Weyl geometry on S and the Weyl connection is 
given by Qp ( Cartan construction.) 

3. // the ODE satisfies Fyiiyiiyii = then it has the point-projective structure 
on J\ 

4. For any ODE there exists the split signature six- dimensional Weyl geom- 
etry, which is never Einstein. 

A new construction, which does not have a contact counterpart, is considered 
in section [5] This is a Lorentzian metric structure on the solution space S. Its 
construction follows immediately from the Einstein- Weyl geometry. If the Ricci 
scalar of the Weyl connection is non-zero, then it is a weighted conformal function 
and may be fixed to a constant by an appropriate choice of the conformal gauge. 
The homogeneous models of this geometry are associated with 



if the Ricci scalar is negative, and 

^ y'2 + 1 

if the Ricci scalar is positive. Both these equations are contact equivalent to y'" = 
and their point symmetry groups are 0(2, 2) and 0(4) respectively. 

Fibre-preserving geometries. Sections [H] and [7] of chapter [3] are devoted 
to the geometries of ODEs modulo fibre-preserving transformations. We obtain a 
seven-dimensional bundle and the co(2, 1) 0. R^^-valued Cartan connection a)-'' on it. 
Since both and of the point case take value in the same algebra these cases 
are very similar to each other. Indeed, we show that one can recover ujf from ujP 
just by appending one function on the bundle. As a consequence, the geometries of 
the fibre-preserving case are obtained from their point counterparts by appending 
the object generated by the function. 

We did not study obvious or not interesting geometries. In the point and fibre- 
preserving case geometries of ?/'" = ~2fiy' -\- y are the same to what we have in 
the contact case, since the respective symmetry groups are the same. Also the 
fibre-preserving geometry on J^^ does not seem to be worth studying. 

Classification of ODEs. Chapter 3] contains the classification part of this 
work. We obtain two results 

i) We characterize regular ODEs admitting large contact and point symme- 
try groups, that is the groups of dimension at least four. We give the 
conditions, in terms of Cartan invariants, for an ODE to posses the large 
symmetries. The classification is given in tables [U and [3] on pages [72] 
- [75l We give the criteria for contact linearization of the ODEs. (The 
fibre-preserving classification of the ODEs with large symmetries is again 
parallel to the point classification and has been already done [301 133] , see 
also Remark ITU) 



1. INTRODUCTION 



18 



ii) We characterize regular ODEs fibre-preserving equivalent to II, IV, V, VI, 
VII and XI reduced Chazy classes, which are certain polynomial ODEs 
with the Painleve property. We give the explicit formulae for the trans- 
formations. 

The condition of regularity assumed above is of technical nature, cf the discus- 
sion in the beginning of chapter HI in particular definition 14.31 

To summarize, the following material contained in this work is new: sections [5] 
to [7] of chapter [2] excluding theorem l2.1H sections [3] to [7] of chapter [3] and the whole 
of chapter [H Other sections contain a re-formulation and an extension of already 
known results. 

All our calculations were performed or checked using the symbolic calculations 
program Maple. 

4. Notation 

In what follows we use the following symbols, in particular W denotes the 
Wiinschmann invariant. 

F =F{x,y,p, q), 

(25) V =d, + Pdy + + Fdg, 

(26) K =\VF, - iFl - iFp, 

(27) L — -^FqqK — -^FqKq — Kp ~ -^Fqyj 

(28) M =2KqqK - 2Kqy + \FgqL - ^F^Lq - 2Lp, 

(29) W ^{V^^Fg)K + Fy, 



(30) z^—-F,. 



3^ D 

VW 

w 

Parentheses denote sets of objects: 

(ai, . . . , Ofc) 

is the set consisting of oi, . . . , a^. In particular this symbol denotes bases of vector 
spaces as well as coordinate systems, frames and coframes on manifolds. The linear 
span of vectors or covectors ai, . . . , is denoted by 

< ai, . . . , flfc > . 

If ai , . . . , ttfe are vector fields or one- forms on a manifold, then the above symbol 
denotes the distribution or the simple ideal generated by them. The symmetric 
tensor product of two one-forms or vector fields a and (3 is denoted by 

a/3 = ^{a(E) f3 + (3 (E)a). 

The symbols ^(^jy) and A^^^-^ denote symmetrization and antisymmetrization of a 
tensor Af^^, respectively. For a metric g of signature {k, I) the group CO{k, I) is 
defined to be 

CO{k,l) = {Ae GL{k + l,m)\ A^gA = e^g, A G R}. 

Its Lie algebra 

co(A:,0 = {a e fl[(fc + Z,R) I a^g + ga = Xg, A G M}. 

A semidirect product of two Lie groups G H, where G acts on H is denoted by 
Gk H. A semidirect product of their Lie algebras is denoted by g ® . (). If the action 
depends of a parameter fj. then we add an subscript: and 



Table 1 . Geometries of third-order ODEs 



Model 


Manifold 


Contact 


Point 


Fibre-preserving 


y'" = 




0(3, 2) connection 


co(2, 1) ©. connection 


S 


Lorentzian conformal 


Lorentzian Einstein- Weyl 


Lorentzian Einstein- Weyl 
with a weighted function 




contact projective 


point projective 


was not studied 




split conformal 


split Weyl 


split Weyl 
with a weighted function 


„./// _ 3y'{y")'^ 

y ~ ^Hv'Y 


S 




Lorentzian 
Ricci= const > 




,jn _ 3{y"f 
y - 2y' 


S 




Lorentzian 
Ricci= const < 


Lorentzian 
with a one-form 


y'" = -2/xy' + y 


S 


geometry 



CHAPTER 2 



Geometries of ODEs considered modulo contact 
transformations of variables 



1. Cartan connection on ten-dimensional bundle 

We formulate the theorem about the main structure which is associated with third- 
order ODEs modulo contact transformations of variables, the o(3,2) Cartan con- 
nection on the bundle . This structure will serve as a starting point for 
both analyzing of geometries of ODEs and their classification. 

Theorem 2.1. Consider an equation y'" = F{x,y,y' ,y"). The contact invari- 
ant information about this equation is given by the following data 

i) The principal fibre bundle Hq —>■ —^ , where dimT''^ = 10, j"^ is 
the space of second jets of curves in the xy-plane, and Hq is the following 
six- dimensional subgroup of SP{4:, R) 



(31) 



Ha 



1 U2 

2 v^^T' 



"3 



'2 ,Ar 



1 M2"5 1. / \ 

24 ,3/2,,,^ ~ 2V"1 "6 



2 3/2 



"3 ' 







1 U2 

2 JuTU3 



1 



ii) The coframe (0^ , 0^, 9^, 0^, 512, ^3, ^4, ^5, ^e) on , which defines the 
o{3,2)-valued Cartan normal connection tu'^ on by 



(32) 





\^2 ^5^4 




04 






02 


03 \ni - ^3 


-ifl2 


\26^ 


02 -04 


-iflj 



Let (x, y,p, 9, 1*1, U2, ^3, U4, 1*5, Mg), (x', u^) for short, be a local coordinate sys- 
tem on V , which is compatible with the local trivialization — Hq x J^^ , that is 
(a;*) = {x,y,p,q) are coordinates in J'^ and (u^) are coordinates in Hq as in 
Then the value ofu)'^ at the point (x%m^) in is given by 



a)'^(x*, u^) = M ^ u)'^ u + u ^du 

20 
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where u denotes the matrix (13111 an. 





2 "2 












2 "4 






5^1 ~ ^3 


2 "2 


\2wi 


^2 







is the connection uj'^ calculated at the point (x*, ui 
0,U6 = 0). The forms uj^,uj^,oj^,u}'^ read 

UJ^ —dy — pdx, 

up' =<\p — qdx, 



1, Ui = 0, U3 = 1, U4 = 0, Us 



(33) 



The forms fi^, 



UJ 



-dx. 



Fdx ~ \Fq{Ap - qAx) + K{Ay - pdx) 



, 57g read 



2-(5W^. 



(34) 



99 

4^99^'- 
= (5^(W^99) 

+ (^F - 



1 P / ,2 
6-^999 

- Iw,p ~ 

-^999" 

- -F K ~ 



qq^ , 

~ 6-^99 ' 
-sFqWqq 4 



^^999^^- 



M)wi- 



2L 



Wq)Lu\ 



In above theorem we used a concept of normal Cartan connection in the sense 
of N. Tanaka |55) . A normal Cartan connection is a connection which takes value 
in a semisimple graded Lie algebra and whose curvature satisfies some algebraic 
conditions, which are, so to speak, a generalization of conditions for torsion in the 
case of linear connections. We explain it below. 

Definition 2.2. A semisimple Lie algebra g is graded if it has a vector space 
decomposition 

= 0_fc © . . . © 0„i ® 00 ® 01 © • ■ ■ ® 0fe 

such that 

and 0_fc © . . . © 0_i is generated by 0_i. 

Let us suppose that is a semisimple graded Lie algebra and denote m = 
0_fe © ... © 0_i, f) = 00 ffi • ■ • ffi flfe- Let us consider a valued Cartan connection uj 
on a bundle H ^ V ^ M, where the Lie algebra of is [). Fix a point p £ V. The 
decomposition g — m(B i) defines in TpV the complement Hp of the vertical space 
Vp. Therefore we have TpV = Vp © Hp, u}{Vp) = () and oj{Hp) = m. The curvature 
Kp = {dw + ujAUj)p at p is then characterized by the tensor Kp G Hom(A2m, 0) given 
by 

(35) Kp{A,B) = Kp{Q;\A),Q-'iB)), A,Bem. 

The function k: V Hom(A2m,0) is called the structure function. 



2. GEOMETRIES OF ODES MODULO CONTACT TRANSFORMATIONS 



22 



In the space Hom(A^m,g) of g-valued two-forms let us define Hom^(A^m, g) to 
be the space of all a E Hom(A^m, g) fulfilling 

a(0i,0j) C 0i+j+i © . . . © 0fc for i,j<0. 

Since the Killing form _B of is non-degenerate and satisfies B{gp,gq) ~ for 
p 7^ —q, one can identify m* with 0i © . . . © 0fc. For a basis (ei, . . . , of m 
let (ej, . . . , ej^) denote the unique basis of 0i © . . . © 0^ such that B{ei, e*) — Sij. 
Tanaka considered the following complex 

... — > Hom(A''+im, 0) Hom(A'?m, 0) — > ... 
with d* : Hom(A'?+^m, 0) Hom(A''m, 0) given by the following formula 
{d*a){AiA ... A Aq) = ^[e*, Q!(eiA Aia ... a Aq)] 

i 

+ ^^a([e*, AiJ^ACjA AlA . . . A AiA . . .AAq), 

where a E Hom(A'?m, 0), Ai, . . . Aq E m, (e^) is any basis in tn and [ , ]m denotes 
the tn-component of the bracket with respect to the decomposition = m © f). 
Finally, N. Tanaka [55) introduced the notion of normal connection, the definition 
below is given in the language of [7]. 

Definition 2.3. A Cartan connection uj as above is normal if its structure 
function k fulfills the following conditions 

i) K G Hom^(A^m, 0), 

ii) d*n = 0. 

N. Tanaka considered above objects in a wider context of geometric struc- 
tures associated with Cartan connections. He proved the one-to-one correspon- 
dence between normal connections on V ^ M and some G-structures, so called 
G'^-structures, on A4 . Starting from a G'^-structure one obtains a normal connec- 
tion by a procedure of reductions and prolongations, which is a version of Cartan's 
equivalence method. It is the correspondence with G^-structures which makes the 
normal connections distinguished. N. Tanaka proved that a normal connection ex- 
ists and is unique if only is a subalgebra of 0(m, 0o), so called prolongation of m 
and 00. The notion of prolongation in Tanaka's sense would lead us to his general 
theory, which is beyond the scope of this paper; in this work we need conditions of 
normality to explicitly construct the Cartan connection in the only case of theorem 
12.11 For details of Tanaka's theory see [541 155] . 

2. Proof of theorem 2.1 

We prove theorem 12. II bv repeating Chern's construction of Cartan connection for 
the contact equivalence problem, supplemented later in |52j . 

We begin with the Gc-structure ^ on J'^, which, according to Introduction, 
encodes all the contact invariant information about the underlying ODE. Let us fix 
on J'^ X Gc a coordinate system {x,y,p,q,ui, . . . ,ug) or {x'^,gj) for short, where 
(x'^) — {x, y,p, q) are the coordinates on j'^ and 

/ui 0\ 

U2 U3 
U4 U5 Uq 
\U8 Ug Ut) 
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are coordinates on Gc- We remind that there are four well defined forms on Gc x , 
the components of the canonical form 6*': 

with cj* given by ^ . We seek a bundle on which are supplemented to a coframe 
by certain new one-forms il^ chosen in a well-defined geometric manner. 

2.1. S.-S. Chern's construction. The construction of the bundle and 
the coframe by Cartan's method is the following. 

1). We calculate the exterior derivatives of 6"^ on Gc x 

de^ =a2A 9^ + agA + T^, 6l^ 

fOft\ ■J 

d9^ ^aiA9^ +a5A9^ +a6A9^ +T%9^Ae'', 
d6'* ^asA 9^ + agA 9^ + ajA 9^ + T%f^9'U 9'', 



where are the entries of the matrix dg^/. ■ g j and T^j, are some functions on 
Gc X J'^. Next we collect T''.^9^ a9^ terms 

d9^ = (ai - T\^9^ - T\^9^ ~ T\^^^) a 9^ 

+ T\^9'^A 9^ + T\^9^A 9'^ + T\^9^A 9'^, 

d9^ = {a2 - T\^9^ - T\^9^ - T\^9^) a 9^ 

(37) + (aa - ^223^3 - T\^e^) a 0^ + T\i9^A 9\ 



d9^ = (04 - T\29^ - T\^9^ - 



14'- 



(as - _ y3 ^^4) ^ q2 ^ _ y3 ^^4^ , «3 



A ( 



d9^ = {as - T\^9^ - T\^9^ - T\^9^) a 9\ 

+ (ag - T%,9^ - T%,9*) A 9' + {a^ + T%,9') a 9^ 
and introduce new 1-forms tt^ substituting the collected terms. Eq. (136p now read 
d9^ 



(38) 



d9^ = Tl2A 9^ + TTsA 9^ + -^9^ A 9^, 



UqUj 
TTsA t/" + TTgA ( 
d9* = TTgA 9^ + TTgA 9'^ + TTyA , 



since r23 = ^34 — 0, T24 — —usuj/ui and r34 = —U3/{uqU7). 

The equations psp resemble structural equations for a linear connection very 
much. When 9^ are components of the canonical form and F-'j, are components of 
a 0-valued connection then we have 

d9'+rjA9^ = \T'jkS'A9^ 

with a torsion T . In our case tt^ are the entries of the matrix tt in Qc 

f-Ki \ 

7r2 TTs 
7r4 TTs TTg 
\7r8 TTg TTt/ 

However, tt is not a linear connection. This is because in this version of Cartan's 
method tt usually does not transform regularly along fibres of bundles (Gc x J'^ 
here) and the 'curvature' d7r-|-7rA tt is not necessarily a tensor, hence vr is not a linear 



2. GEOMETRIES OF ODES MODULO CONTACT TRANSFORMATIONS 



24 



connection in general. We may think of tt as a connection in a broader meaning, 
that is a horizontal distribution on Gc x J^^ , which is not necessarily right-invariant. 
Keeping this in mind we will refer to r*^^, as torsion. Thus tt is a 'connection' chosen 
by the demand that its torsion is 'minimal', i.e. possesses as few terms as possible. 

We observe that tt^, which are candidates for the sought forms fi^, are not 
uniquely defined by equations (f55|) . for example the gauge tti ^ tti + fO^ leaves 
psp unchanged. Therefore our connection is not uniquely defined by its torsion. 

2). In the next step we reduce the bundle Gc^ J^- We choose its subbundle, 
say 'P^^\ characterized by the property that the torsion coefficients are constant on 
it. We choose P^^^ such that = -I, = -I on it. Thus T^^^^ is defined by 



(39) 



Me = — , 

Ui 



Ul 

My = . 

■"3 



It is known I29|,l53j that such a reduction preserves the equivalence, in other words, 
two bundles are equivalent if and only if their respective reductions are. Here V^^^ 
has the seven-dimensional structural group 



/Ml 

U2 




"3 










U4 
\U8 


U5 
Ug 


2 
Ul 






iii ) 

113 ^ 



3). Next we pull-back 6** and tt^ to V^^K But the new structural group G. 



(1) 



is a seven-dimensional subgroup of Gc, so (6*^,. 
coframe on 'P^^^ any longer, since 



, ^'^ , TTl , . . . , TTg) of (|38l) is not a 



ttq = 27r3 — TTl mod (0*), 

Taking this into account we recalculate 
choose the new connection 



TTy = TTl — TTa mod (0'). 
and gather the torsion terms. We 

















71'2 


71'3 








TT = 




















TTl - TTs/ 


so that its torsion is minimal ag 


ain. 
















de'^ = 7r2A6'^ +7r3A6 




e\6 






(40) 

d0^ ^TTi/\0^ +TT5/\6 




(2^3 


- ni)/\e^ 4 


_ 








de^ ^ TTgA^l +7r9A6 


*2 + 


(^1- 







3m2 - UsFq 
Ul 



4). We repeat the steps 2) and 3). Firstly we reduce V^^^ to the subbundle 
jyi^) (2 75(1) defined by the property that the only non-constant torsion coefficient 
in (liUl) vanishes on it. 



(41) 



U3 

U5 = 

Ml 



U2 



Next we recalculate connection, re-collect the torsion and make another reduction 
through the constant torsion condition {K is defined in (HH]).) 



(42) 



M4 = —K 
Ul 



2ui' 
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At this stage we have reduced the frame bundle Gc x J^^ to the nine-dimensional 
subbundle V'^^^ J^, such that its structural group is the following 



U2 



til 
Us 





Us 

U2U3 
111 

Ug 






«l 

til 




* 



Hi / 

t/.-J ' 



and the frame dual to {u;-^ , uj-^ , lu"^ — ^FqU)^ +Klj^ , uj^) belongs to T''^^^. The structural 
equations on V^^^ read after collecting 



d0^ 



TTlA ( 
TT2A t 



(43) 



3 

d0^ = TTaA 9^ + (27r3 - tti) a + ^WO^a ( 

d6l^ = TTgA 6*^ + TTgA + (tTi - 7r3)A 6''' 



with some one- forms tti , 7r2 , tts , TTg , ttq . The function W, defined in ()29p . is the 
Wiinschmann invariant which is a contact relative invariant for third-order ODEs. 
It means, as we already explained in Introduction, that every contact transforma- 
tion applied to an ODE preserves the condition W = or W 0. It follows that 
third-order ODEs y'" = F{x, y, y', y") and y'" = F{x, y, y', y"), satisfying W[F] = 
and W[F] respectively, are not contact equivalent. Thereby, as Chern observed, 
third-order ODEs fall into two main contact inequivalent branches: the ODEs sat- 
isfying W ^ 0, and those satisfying W ^ 0. 



Equations 



do not still define the forms 7r„ uniquely but only modulo the 



following transformations 



(44) 



TTl - 


TTl - 




7r2 - 






TTs - 


-> 7r3 - 




TTs - 


TTg - 




TTg - 


TTg - 





That is to say, the torsion in (I43p defines the q^c^ connection tt only up to (I44p . 

At this point, there is no pattern of further reduction. liW — there are only 
constant torsion coefficients in (I43p and we do not have any conditions to define a 
subbundle of V'^^\ In these circumstances we prolong V'^^\ 

5). The idea of prolongation is the following. On V^^^ there is no fixed coframe 
but only the coframe (6'^, 6'^, 6''^, 0^, tti, 7r2, tts, TTg, ttq) given modulo ((44|) . But 'a 
coframe given modulo G" is a G-structure on V'^^y As a consequence we can deal 
with this new structure on P*^'^^ by means of the Cartan method. Let us consider 
the bundle "P^^^ x G^™' then, where 



reflects the freedom (j33|) so that the block t reads 



(2h 


ti 

t2 





h 



h 






tl 

0/ 
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On X GP™' there exist nine fixed one-forms 9^,0'^, 0^,9^, Hi, U2,U3,Us,Ug, 
given by 

'1 0^ 



X 



which is the canonical one- form on V'-^^ x G^™' -> T^^^). 

6). Now we apply the method of reductions to the above structure on V'^^'' 
Qproi ^ We calculate the exterior derivatives of {0'^,I{^). The derivatives of 0^ take 
the form of ((33|) with tt^ replaced by H^. The derivatives of 11^, after collecting 
and introducing 1-forms Kk containing Atx, read 

dHi =Ai A + HgA - HsA ei'', 

dn2 =iAiA - Hi A Ha - Ha A Ha HgA 0^ + -iPFHgA 6*^ 

(45) + 2/i6'1a + /461IA 6''^ + /26'2a 0^ + /s^^a 6*^^, 

dHa =iAiA 9^ + HgA + HgA + /i6|1a 0^ + /aei^A + /ge^A + /gei^A 6l^ 



dHg =A2A + A3A 0^ + iAi A + HgA Ha + HgA + /; 



2f A( 



(46) 



dHg =A3 A + A4A + HiA Hg - A Hg + HgA e''' - /i^^ A e*"* + /36'3 A 0^^ . 

where fi, f2, fa, fi, /s are functions. This time the forms Ak are interpreted as con- 
nection forms. We compute /i, . . . , /s and choose the subbundle of V'^^^ x G^"""' 
by the condition that /i, /a, /3 are equal to zero on T"^. This is done by appropriate 
specifying of parameters 12,1^,1^ as functions of {x,y,p,q,ui,U2,U3,us,ug,ti). We 
skip writing these complicated formulae. The structural equations on read 

d0^ =niA0'' +0'^^0^, 

d0^ =n2A 0^ + n3A 9"^ + 9^^ 6'^ 

de*^ =n2A6i2 + (2n3 -ni)A6'3 + a6''^a6i\ 

de*"^ =n8A 0^ + HgA + (Hi - n2)A 0^, 

dHi =AiA + HgA 6*2 - HaA 6*^^, 

dn2 =(n3 -ni)An2 + AngA6'l + \Ki;y0'^ +\ls;y0'^ + B 9'^ ;y0'^ + C 9'^ ^0^ , 

dn3 =5AiA 9^ + HgA + HgA + G A 61*, 

dHg =n9An2 + n8An3 - 2GngA6'i + \Kify0^ + d 9^ ;y0'^ + 2e 0^ ^0^ 

+ G0\0'^ + H 0^A 9^ + J 9^ A 6**, 
dHg =(ni - 2n3)A Hg + HgA 0'^ + E 0^A 9^+H0^A0^ + J0\9^ + L 9^ a 0^, 

dAi =AiAni + 2n8An2 + 2Gn8A6'^ - 2GngA6i2 - AngA0^ + m0^a0^ 

+ 2{D + AL) 0^A 0^ +N0^A0^ + 2E 0^a 0^ + G 0^a 0^ 

with certain functions A, B, G, D, E, F, G, H, J, L, M, N on V. 

Above structural equations uniquely define the only remaining auxiliary form 
Ai. In this manner we constructed the bundle V and the fixed coframe 

associated to the ODEs modulo contact transformations. As we have explained 
in Introduction, the functions A, . . . , N , and their coframe derivatives are relative 
contact invariants for third-order ODEs. 

2.2. Cartan normal connection from Tanaka's theory. The above 
coframe is not fully satisfactory from the geometric point of view since it does 
not transform equivariantly along the fibres of T"^ J'^, that is to say, it does not 
define a Cartan connection. 
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In order to see this we consider the simplest case, related to the equation 
y'" = 0, when all the functions A, . . . , vanish. Then ([H]) become the Maurer- 
Cartan equations for the Lie algebra o(3, 2) = sp(4, R) and is locally the Lie 
group 0(3, 2). The Maurcr-Cartan form on in the four-dimensional defining 
representation of sp(4, M) is given by 



-no 



ini-Hs -ins 



Let f) be the six-dimensional subalgebra of o(3,2) annihilated by the ideal < 
9^, 6^, 9^, O'^ > and let Hq be the connected simply-connected Lie subgroup of 
S'P(4,R) with the algebra f). Then V ^ j"^ is a homogeneous space and 

is a flat Cartan connection of type (S'P(4,K), iJg) on . 

However, this object is not a Cartan connection in a general case, when 
A, . . . , iV do not vanish, since its curvature K = dw -I- wa tD is not horizontal with 
respect to the fibration V J7^, that is value of if on a vector tangent to a fibre 
of V j"^ is not necessarily zero; for instance K\ contains the term i^HgA^"'^. 
On the other hand the horizontality of K is necessary and locally sufficient for w 
to be a Cartan connection. 

In order to resolve this problem H. Sato and Y. Yoshikawa [52j found the 
structural equations for the normal connection in this problem by means of the 
Tanaka theory. We recalculate their result in our notation and give explicit form 
of the normal connection, which their paper does not contain. 

Let e g[(4,R) denotes the matrix whose (i, j)-component is equal to one 
and other components equal zero. We introduce the following basis in sp(4,R) 



ei 



62 



(47) 



64 — — 

67 = -E^2 ^ -^^3 ' 



E^ 



e^ = \{E\-E^ 
es = -l{E\ + E\), 



63 = S 2 

ee^^{E\ 



E\ 



69 = -E- 



3' 



610 



1 



The form lo is given by 

U = 9^61+9^62+9^63+9^64, 



Hies + 11266 + 11367 + Ilges + Ug6g + A161 



The algebra g has the following grading 

0(3, 2) = g_3 e 0_2 e 0-1 © 00 © 01 © 02 © 03, 

where 

0-3 =< 61 >, 0-2 =< 62 >, 0-1 =< 63,64 >, 

00 =< 65,67 >, 01 =< 66,69 >, 02 =< 68 >, 03 =< 610 > 

and f) = 00 © 01 © 02 © 03 =< 65, . . . , 610 >. Let lower case Latin indices range from 
1 to 4 and upper case Latin indices range from 1 to 10 throughout this section. 

Suppose now that £ is an sp(4,R) Cartan connection on V. Its structure 
function k, defined in p5p . decomposes into 

K — ^K^ij 6/ (8) 6'a 6-' , 
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where (e^) denotes the basis dual to (e/) and k^^j = are functions. Condition 
i) of definition 12.31 reads 

23 ~ 0; ^ 24 ~ ^' ^ 34 ~ ^5 ^ 34 ~ 

We read structural constants [e/,e,7] = c^uSk for 5p(4, R), compute the Kilhng 
form Bjj and its inverse B^"^ . The operator d* : Hom(A^m,g) Hom(m, g) acts 
as follows 

d*{ei (E> e\ e^) = (2<5[;,B^l^c^^, - (J^/c'V^S^'"^) ® e'". 

We apply d* to the basis (e/ (8) eV e-') of Hom^(A^m, g) and find that the condition 
d*K = for the normality is equivalent to vanishing of the following combinations 
of k',j: 





K 14, 


24 1 


24 J 


34 7 


23 J 




K^12 + '^^13 + 


K 24: 


2k 12 ~ 


K 24 


34 J 






23 


'^'^34; 


K^13 + 


'^^23' 






13~ 


34; 




K^12 + 


^^4 + 


24; 




^'^12 ~ 


13 


'^'^241 


K^12 + 


K 24 


34 


'^'^24; 


K + 


'^'^23 + 


'^^34 ~ 34 J 


'^^23 + 


34; 






12 


K"'l4 + 


K^24 + 14j 


12 


^^3 + 


2«'l3 - 


^" ^^^24; 


1^ 12 


23 


34 24 J 


K 13 + 


l^'^23 ~ 


34; 




k''i4 + 


K^34 + 


'^'^24' 


K 24 


K^34 + 


ZK 34, 






Zhu 24 


34 J 


K^13 + 


1^ 23 


34; 




K^j4 + 


1^ 24; 




23 


2k^23 " 


34; 




2«^2 - 


f 2k«i4 




K^^3 + 


k''i2 + 


K^24 + 


K 14. 



We write the sought normal Cartan connection uj'^ as follows 

0'^ — O^ei + 9^e2 + 0^63 + 0^64 + ilies + ^1266 + ^^367 + ^^463 + ^^569 + f^ecio- 
The forms il^, unknown yet, are given by 

r!i = ni + a#, r!2 = n2 + M\ r!3-n3 + c#, 

^^4 = Hg + rig = Hg + rie = Ai + 

Next, we calculate the curvature K'^ — duj'^ + S'^acD'^, find the components 
of the structure function and put them into the normality conditions. These are 
only satisfied if all the functions a^, 5i, Ci, e^, /i, gi vanish except for ci, /ii, /12, /i3, /i4 
which are arbitrary and 

ai = 2ci, 61 = |C, 62 = ci, /i = |J, /4 = ci, 

where C and J are the functions in (|46p . Finally, we obtain from the ei-component 
of the Bianchi identity dK'^ — fC^A Q'^ — uj'^a K'^ that 

Ci =0, /li = |G - |^4(J), /l2 I J, /l3 =0, /l4 = -|C, 

where X4 is the vector field in the frame (Xi, X2, X^, X4, X^, Xq, Xt, Xs, Xg, Xiq) 
dual to (6*^, 6*^, 6*^, 6*^, Hi, 112, lis, Ilg, Ilg, Ai). The normal connection Q'^ has been 
constructed. The last thing we must do is renaming the coordinates us — > M4, 
ug — > U5 and choosing appropriately, so that formulae (pij) - hold. This 
finishes the proof of theorem 12.11 
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3. Geometries on ten-dimensional bundle 



3.1. Curvature and its interpretation. We turn to discussion of conse- 
quences of theorem 12.11 As we explained in Introduction, the basic object that 
contains the contact invariants for the ODEs is the curvature 



(19^ =r22A 9^ + n^A 9^ + 9^ A 6'^ 

d9^ =n2A 6*2 + (2^23 - ni)A 9^ + A^6'2a 9^ + A^fl^A 9\ 
d9'^ =Sl4A 9^ + r^sA 9^ + {Qi ~ fl3)A 9^, 
dVLi ^VLqa 9^ + fliA 9^ - f72A 9-^, 

df^a ={n3 - ni)A n2 + ^neA 9^ + n^A 9^ + AI 9^ a 9^ + A19\ 9'^, 
(48) da3 =5f^6A 9^ + VliA 9^ + r^sA 9^ + A^^^a 9"^ + A^^^a 9"^, 

dl74 ^n^A ^2 + n^A ns + ^^qa 9^ + (A^ + B^)9\ 9^ + 2B19\ 9^ 

- A''s9\9^ + B19'^a9^ 
dOg ={ni - 2f73)A + n^A 9^ + (A^ + Bl)9^A 6*2 + B19^A 9^ 



dVlQ ^^Iqa r^i + 2r24A ^2 + C19^A 9^ + 2B19^A 9^ + A^6'1a 9^ + 2^19"^ a 9^, 
where AJ, . . . , Ag, B^, . . . , B4, are functions on T"^. 



The functions A^ , ■ • ■ , CI are contact relative invariants of the underlying 
ODE, that is their vanishing or not is a contact invariant property. The full set of 
contact invariants can be constructed by consecutive differentiation of A^ , ■ . . , 
with respect to the frame {Xi,X2, X3, X4, X5, Xg, X7, Xg, Xg, Xio) dual to {9^, 9"^, 
9^, 6*^, rii, ri2, ^3, ^4, ^5, f^e)- Utilizing the identities d^fi^ = we compute the 
exterior derivatives of Af,Bj, C^, for instance 



dB^ = Xi(B^)6ii + X2(B^)6|2 + X3(B^)03 _ 26^6''' + 2B^f7i - SB^^^. 



From these formulae it follows that i) A2 , . . . A| express by the coframe derivatives 
of A^, ii) B|, . . . B4 express by coframe derivatives of B^ and iii) is a function 
of coframe derivatives of both A^ and B^. Hence there are two basic invariants for 
the system reading 



The simplest case, in which all the contact invariants A^, . . . , vanish corre- 
sponds to = Fgqqq — and is characterized by 

Corollary 2.4. For a third-order ODE y'" = F{x,y,y' ,y") the following 
conditions are equivalent. 

i) The ODE is contact equivalent to y'" = 0. 

ii) It satisfies the conditions W — 0, and Fqqqq = 0. 

iii) It has the o(3, 2) algebra of contact symmetry generators. 



This property means in language of Tanaka's theory that curvature of a normal connection 
is generated by its harmonic part. 



K'' = dQ'' +Q''aQ''. 



It is given by the structural equations for the coframe 9^, . . . , 



A19\9^ + B19^a9^, 



and all other invariants can be derived from them0 
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3.2. Structure of V^. The manifold is endowed with threefold geometry 
of the principal bmidle over the second jet space , the first jet space and the 
solution space S. We discuss these structures consecutively. Let us remind that 
(Xi,X2,X3,X4,X5,X6,X7,X8,X9,Xio) denotes the dual frame to [9^, 6"^, 6^, 6^, 
f^i, ^2, fia, ^^4, ^^5, ^^e)- 

First bundle structure, Hq V ^ , has been already introduced explicitly 
in theorem l2.1l Here we only show that it is actually defined by the coframe, since 
it can be recovered from its structural equations. Indeed, we see from (|48p that the 
ideal spanned by 9^,9^,9^,9'^ is closed 

d9\9^A,9^A,9^A9^ = for i = 1,2,3,4, 

and it follows that its annihilated distribution < X^, Xq, Xj, X^, Xg, Xiq > is inte- 
grable. Maximal integral leaves of this distribution are locally fibres of the projec- 
tion T"^ J'^. Furthermore, the commutation relations of these vector fields are 
isomorphic to the commutation relations of the six-dimensional group Hq, hence we 
can define X^, . . . , Xiq to be the fundamental vector fields associated to the action 
He on V". 

In order to explain how V is the bundle C0{2, 1) k M.^ ^ V^ -^ S let us first 
describe the space S itself. On there is the congruence of solutions of the ODE. 
A family of solutions passing through sufficiently small open set in J^^ is given by 
the mapping 

(x;Ci,C2,C3) {x,f{x;Ci,C2,C3),fx{x;Ci,C2,C3),fij,x{x;Ci,C2,C3)), 

where y — /(x; ci, C2, C3) is the general solution to y'" = F{x,y,y' ,y") and 
(ci, 02,03) are constants of integration. Thus a solution can be considered as a 
point in the three-dimensional real space S parameterized by the constants of in- 
tegration. This space can be endowed with a local structure of diffcrcntiable man- 
ifold if we choose a parametrization (01,02,03) 1-^ /(a^; ci, 02, 03) of the solutions 
and admit only sufficiently smooth re-parameterizations (01,02,03) 1— *■ (01,02,03) 
of the constants. We always assume that S is locally a manifold. Since is 
a bundle over S so is and the fibres of the projection V S are annihi- 
lated by the closed ideal < 9^, 9"^, 9^ >. On the fibres there act the vector fields 
X4,X5,Xq,Xt,Xs,Xq, Xio, which form the Lie algebra co(2, 1) ©. and thereby 
define the action of CO(2, 1) k 

Apart from the projection — > S there is also the projection J'^ that 
takes the second jet {x,y,p,q) of a curve into its first jet {x,y,p). It gives rise 
to the third bundle structure, Hj ~^ T"^ . Here the tangent distribution is 

< X3, JTs, Xg, X7, Xg, Xg, Xio > and it defines the action of a seven-dimensional 
group H-j which of course contains Hq. 

It appears that, under some conditions, lJc is not only a Cartan connection over 
J"^ but over S or also. 

4. Conformal geometry on solution space 

The section on the conformal geometry on S only contains results of P. Nurowski 
\AS\ I46j . see also |27j . Let us define on the symmetric two-contravariant tensor 
field 

g= {9'^f - 29^9^ 

of signature {+ -\ — 000000 0). The degenerate directions of g are precisely those 
tangent to the fibres oiV ^ S 

g{X^,-)^0, for i = 4,5,6,7,8,9,10. 
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The Lie derivatives of g along the degenerate directions are as follows 



(49) Lx,g = ^W{e^f, Lx,g^2g, 



1 



and 



(50) 







for 



i = 5,6,8,9,10. 



Thus, if only 



W 



0, 



all the degenerate directions but X-^ are isometries of g whereas X-^ is a conformal 
symmetry. This allows us to project g to the Lorentzian conformal metric [g] on 
the solution space S. Since the action of CO (2, 1) k R'^ on 5 is not given exphcitly, 
we can not write down the explicit formula for g. We can only do this in terms of 
the coordinate system (x,y,p,q) on J^: 



(51) g = {uj^f - 2tj^(i^ = 

= (dp — qAxf' — 2(dy — pAx){(\q — Fdx — ^Fq{dp — qAx) + K{dy — pdx)). 



In order to find the explicit expression for g in a coordinate system (ci, 02,03) on 
S we would have to find the general solution y = /(x; ci, C2, C3) of the underlying 
ODE, then solve the system 



with respect to Ci and substitute these formulae into (|5ip . 

The condition W = means — which causes = . . . = A| = 0. Thus, 
structural equations do not contain the non-constant terms proportional to 0"* 
and the curvature K"^ is horizontal over S. As a consequence, Q'^ is a connection 
over S. It appears that it is nothing but the Cartan normal conformal connection 
for [g]. 

4.1. Normal conformal connection. We introduce after [48j the normal 
conformal connection and discuss its curvature. Consider R" with coordinates 
(x''), = 1, . . . , n equipped with the flat metric g — g^^dx^ ® Ax^ of the signature 
{k,l), n = k + I. The group Confik, I) of conformal symmetries of consists of 

i) the subgroup CO{k, ^) = Rx 0{k, I) containing the group 0{k, I) of isome- 
tries of g and the dilatations, 

ii) the subgroup M" of translations, 

iii) the subgroup R" of special conformal transformations. 

The stabilizer of the origin in R" is the semisimple product of CO{k, I) ix R" of 
the isometries, the dilatations, and the special conformal transformations. The 
flat conformal space is the homogeneous space Conf{k,l)/CO{k,l) k R". To this 
space there is associated the flat Cartan connection on the bundle CO{k, I) k R" 
Conf{k, I) — > R" with values in the algebra conf(fc, I). 

By virtue of the Mobius construction, the group Confik, I) is isomorphic to 
the orthogonal group 0{k + 1, / + 1) preserving the metric 



' y =f{x;ci, 02,03), 
< P =fx{x;oi, 02,03), 
^ q ^fxx{x; 01,02, 03) 
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on M"+^. This isomorphism gives rise to the following representation of conf(fc, I) = 
o(fc + 1,; + 1) 

(52) vf" A^^ 

\ g.pvP 

Here the vector (v^) G M" generates the translations, the matrix (A^^^^) G o{k,l) 
generates the isometries, 4> - the dilatations, and g R" - the special conformal 
transformations. 

Let us turn to an arbitrary case of a conformal metric [g] of the signature (fc, I) 
on a n-dimensional manifold A4, n — k + I > 2. Let us choose a representative 
g of [g] and consider an orthogonal coframe {oj^), in which g ~ gf^i^uj^ ^ uj" with 
constant coefficients gf^.. We calculate the Levi-Civita connection T^^ for g, its 
Ricci tensor and the Ricci scalar R. Next we define the following one-forms 

Given these objects we build the following conf (fc, Z)-valued matrix oj'^""'^ on M 

(53) w™"^ = 6*^ 

V g.p9'- 

This is the normal conformal connection on ^A in the natural gauge0 Consider now 
the conformal bundle CO{k,l) k R" ^ V ^ Ai, and choose a coordinate system 
{h,x) on V compatible with the local triviality V = CO{k,l) k R" x Ai, where x 
stands for (x^) in A4 and the matrix h G CO{k, I) k R" reads 

h=\ A^, Af^^C" , A^^A'^.g^, - g^^. 

\ e"^ / 

The normal conformal connection for g is the following conf(fc, Z)-valued one- 
form on V 

Q''°''^{h,x) = /i-i •7r*(tj™"-^(x)) -h + h-^dh. 
The curvature of the normal conformal connection is as follows 

^™"-^(/i,x) = h-^ ■ 7r*(i^™"^(x)) • h, 
where K'^°^^ is the curvature for uj'^''^f on A4 

/O DP^ 

^con/ ^ Q gi'PDPp 

\0 

and 

i?P^ - dPp + P.aF'^^ - ^P^.pUj'^AUJp. 
The curvature contains the lowest-order conformal invariants for g, namely 
• For n > 4 

is the Weyl conformal tensor, while 

^l-LVp — „_3 V cr"-^ p_yp 

is its divergence. 



^The gauge is natural since we have started from the Levi-Civita connection, not from any 
Weyl connection for g, in which case I I53II contains a Weyl potential. 
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• For n = 3 the Weyl tensor identically vanishes, C'^, — 0, and the lowest- 
order conformal invariant is the Cotton tensor Pp,yp. It has five indepen- 
dent components. 

The normality of conformal connections, originally defined by E. Cartan, is 
the following property. The algebra conf(fc, V) is graded: conf(fc, V) = g_i ® go © 0i, 
where translations are the g_i-part, co(fc, V) is the go-part and the special conformal 
transformations are the gi-part. The normal connection for \g\ is the only conformal 
connection such that the co(fc,?)-part of its curvature, C% = iC^yp^w''A w'", is 
traceless: C^^p^ — 0. Cartan normal conformal connections are normal in the sense 
of Tanaka. 

4.2. Normal conformal connection from ODEs. As we mentioned, oj'^ 
is the normal conformal connection over S. In order to see this it is enough to 
rearrange uj'^ according to the representation ((5^ 



/f^3 




— r^4 — r^5 


^ 






-e^ 








-6*4 




9^ 











03 


-02 01 


) 



and calculate its curvature, which is equal to 





DPi 


DP2 




\ 














DP:, 














-DP2 














DPi 













/ 



with the following components of the Cotton tensor on 

DPi = - iC^ d\d^ - 9\ ~ d^A 9^, 
DP2 = - 9^ A 9^ - 2BI 9\ 6*3 - B^ 9^ a 9^, 
DP3 = -Bl 9^ A 9^ - Bl 9^ A 9^ - Bl 9^ a 9^. 

Finally, we pull-back these formula to J^^ through ui = U3 = 1, U2 = M4 = M5 = 
Mg = and get 

+ -^KqFqqy — gFgqyy — -^FqqqKqK + ■^FqqyK)uj AUJ 
+ \{Mq- KqqqK - 2KqqKq + Kqqy) LO^ AU^ + 

— 2 99 ^ ' 

DP2 =\ [Mq - KqqqK - 2KqqKq + Kqqy) Uj\ ij^ + 

- LqqUJ^A Ul'^ + ^KqqqUJ^A UJ^ , 

DP^ = - ^LqqUJ^ AUj'^ -f \K qqqUo'^ AU}^ - ^ FqqqqU^ AUJ^ . 

The formulae for the conformal connection and curvature (in a slightly different 
notation) are given in [48|, I27j . 

5. Contact projective geometry on first jet space 

The connection Q'^ gives rise to not only the above conformal structure but also 
a geometry on the first jet space J^. As we know, there arc two basic contact 
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invariants in the curvature K'^: W and Fqqqq. The condition W ^ yields the 
conformal geometry. Let us now examine the second possibihty 

F — n 

Quick inspection of the structural equations ()48p shows that in this case the curva- 
ture does not contain 0*a 9'^ terms and thereby o)^ is an sp(4, R) Cartan connection 
OYi Ht ^ V ^ . 

A natural question is to what geometric structure uj'^ is now related. In or- 
der to answer it let us look at the geometry defined on by the solutions of 
the underlying ODE y'" = F{x,y,y',y"). As we have already said the solutions 
form a congruence on since there passes exactly one solution through a point 
{xo,yo,Po,ciQ) G 'J^- The Gc-structure on J"^ defined by ^ preserves this con- 
gruence and also preserves the contact invariant information about the ODE. The 
geometry on J'^ is then of first order, since it is characterized by the group Gc 
acting on the tangent space TJ'^. 

Geometry of an ODE on J'^ is of different kind. The family of solutions is no 
longer a congruence. Indeed, through a fixed {xo,yo,po) G there pass many 
solutions, each of them corresponding to some value of qo, which is given by a 
choice of a tangent direction at (a;o, j/OjPo)- Such a choice, however, can not be 
made in an arbitrary way; a solution y = f{x) lifts to a curve x '—^ (x, f{x), f {x)) 
in J^, whose tangent vector field dx + f'[x)dy + f"{x)dp is always annihilated by 
the one-form tu^ — dy — pdx on J^. In this manner all the admissible tangent 
vectors to the solutions form a rank- two distribution C, the contact distribution on 
J'^, which is annihilated by lu^. This is first difference between J"^ and we have 
the rank-two distribution C instead of the congruence. Second and more important 
difference is that we still need to distinguish the family of solutions among a class 
of all curves with their tangent fields in C. 

There are at least two basic methods of doing this. In the first method we 
treat the tangent directions of curves in J^^ as new dimensions and move to the 
space where over each point {x,y,p) G there is the fibre of all the possible 
tangent directions. In this manner the 'entangled' family of solutions in would 
be 'stretched' to a congruence in the new space. However, the bundle of tangent 
directions of is nothing but the second jet space j'^ and thereby we would come 
back to the description given in the theorem 12. II 

The other way is describing the family of solutions in as a family of unpa- 
rameterized geodesies of a linear connection in . This approach leads us to the 
notion of projective differential geometry. 

5.1. Contact projective geometry. This geometry has been exhaustively 
analyzed in |21j . see also O [8]. We will not discuss the general theory here but 
focus on an application of the three-dimensional case to the ODEs. The definition 
of contact-projective geometry, see D. Fox [21j, adapted to our situation is the 
following. 

Definition 2.5. A contact projective structure on the first jet space is 
given by the following data. 

i) The contact distribution C, that is a distribution annihilated by 

lli^ — dy — pdx. 

ii) A family of unparameterized curves everywhere tangent to C and such 
that: a) for a given point and a direction in C there is exactly one curve 
passing through that point and tangent to that direction, b) curves of the 
family are among unparameterized geodesies for some linear connection 
on J^. 
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A contact projective structure on is equivalently given by a family of linear 
connections, whose geodesic spray contains the family of curves. For V to belong 
to this class one needs 

(55) VvV^\{V)V 

along every curve in the family, where X denotes a tangent field to the considered 
curve and A(X) is a function. Given two such connections V and V, their difference 
is a (2, l)-type tensor field 

for all X and Y. Simultaneously we have A{y^V) ~ /i(y)V^ for F G C, where 
= \{y) — A(F) and /i^ at a point w G is a covector on the vector space 
■ By polarization we obtain 

(56) A{X,Y)+A{Y,X)^^l{X)Y + ^^{Y)X, X,YeC. 

The connections associated to a contact projective structure, when considered at a 
point, form an afhne space characterized by the above A. 

Let us describe A more explicitly. We choose a frame (ei = dy,e2 = dp, 63 = 
dx + pdy) and denote the dual frame by {a^,a'^,a^). In particular ui^ — and 
C —< 62,63 >. Let — 1,2,3 and I,J,... — 2,3. Now Vj6j — T'^^jCk, 

A\j = - r'', , fi'ei and ^ reads 



Relevant components are equal to 





^ 22 


= 0, 


41 

^ (23) 


= 0, 


4I 

^ 33 


= 0, 


(57) 


^ 22 


= M2, 


42 

^ (23) 


= ^Ai3, 


4I 

^ 33 


= 0, 




^ 22 


= 0, 


43 

^ (23) 


= 5Ai2, 


4I 

^ 33 


= A*3 



and the rest of A'^y is free. Elementary calculations assure us that the class of 
admissible connections is a 20-dimensional subspace of 27-dimensional space of all 
linear connections on J^^ . Another constraint for the connections is given by 

(58) (Vvcji)y = Vy(tji(y)) =0, VeC. 

In our frame this is equivalent to L^^^^ = 0. Combining eq. ((ST]) and we obtain 

Proposition 2.6. The following quantities are invariant with respect to a 
choice of a connection in the class distinguished by a contact projective structure 
on 

(59a) ri22 = o, r\23) = o, rigg^o, 

(59b) r"^22J 2r"^(23) ~ r^22J T'^gg — 2r^(23) ' r^gg. 

The connection coefficients are calculated in a frame (ei) such that C —< 62,63 >. 

Values of four the unspecified combinations ()59bp define a contact projective 
structure. 

Among the above connections there is a distinguished subclass of those connec- 
tions which covariantly preserve the distribution C. We shall call them compatible 
connections. They satisfy not only but a stronger condition 

Vxuj'^ ^ (l){X)uj\ foraUX, 

with some one-form (/). We have the following 

Proposition 2.7. A compatible connection has non-vanishing torsion 



2. GEOMETRIES OF ODES MODULO CONTACT TRANSFORMATIONS 



36 



Proof. 

= (0Au;i)(X,y) + ic.i(T(X,y))), 

thus 

{duj^AUj^){X,Y,Z) = ^{oj^ {T{X,Y))uj\Z) + cyclpeim.) ^ 0. 

□ 

5.2. Contact projective geometries from ODEs. It is obvious that the 
family of solutions of an arbitrary third-order ODE satisfies the conditions i) and 
ii a) of definition 12. 51 (Condition ii a) is satisfied with the possible exception of the 
direction dp, which belongs to C but it is not tangent to any solution in general. 
However, this exception is irrelevant since our consideration is local on T^f^.) We 
ask when the solutions form a subfamily of geodesies for a linear connection. 

Lemma 2.8. A third-order ODE y'" = F{x,y,y' ,y") defines a contact- 
projective structure on if and only if Fqqqq = 0. Moreover, the quantities (|59bp 
are given by 

r^22 = ^3, 2r^23) - r^22 = ^2, 

(60) 3 2 2 

r 33 ~ 2r (23) — ai, r 33 = — ao, 

where 

F = 03^^ + a2q^ + aiq + oq. 

Proof. The field V = tangent to a solution {x , f (x) , f (x)) equals V = 
f"e2 + 63 in the frame (e^). The geodesic equations (fSS]) read 

(/'Tri22 + 2/"r\23)+r^33 = o, 

/"' + i/r ^2 + 2/"r%3) + ^ XiV)f", 

First of these equations is equivalent to (I59ap . From the remaining equations we 
have that 

/"' = r'^22/" + (2r^(23) — r^22)/" +(r^33~2r^(23))/"~r^33, 

is satisfied along every solution. □ 

We observe that the condition Fqqqq — yields = 63 = B3 = B4 = 0, 
which removes all 0''a 9^ terms in the curvature and turns cD"^ into a connection over 
J^^, since in the curvature there arc only terms proportional to 9^,9^,9^, horizontal 
with respect to . Furthermore, the algebra sp(4,R) = o(3,2) has the 

following grading (apart from those already mentioned) 

(61) sp(4,M) =0_2©fl-i®flo®0i®02, 
which reads in the basis fTf]) : 

0-2 ei >, 0-1 62, 64 >, 

00 =< 63,65,67,69 >, 

01 =< 66, 68 >, 02 =< eio > . 

After calculating Tanaka's normality conditions by the method of chapter [5] section 
12.21 we observe that cD'^ is the normal connection with respect to the grading (pT|) . In 
this manner we have re-proved the known fact that to a three-dimensional contact 
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projective geometry there is associated the unique normal sp(4, ]R)-valued Cartan 
connection. 

Proposition 2.9. If the contact projective geometry on exists, then Q'^ of 
theorem \2.1\ is the normal Cartan connection for this geometry. 

From w"^ one may reconstruct the compatible connections. To do this we just 
observe that first, second and fourth equation of ([^5]) can be written as 



03 



•d01\ 







d02 4 




-^3 


d^V 




-f^5 




The tree by three matrix denoted by F is the go © gi-part of u^. The following 
proposition holds. 

Proposition 2.10. For any section s: V the pull-back s*T written in 

the coframe {s* 9^ , s* 0'^ , s* 9^) is a connection compatible with the contact projective 
geometry. 



Proof. First we choose the section sq: given by g = 0, mi = 1, 

M3 = 1 and U2 = — — uq = 0. We denote F = sJF. In the coframe ~ Sq^^, 
= 5*6*2 ^3 ^ g*5)4 j^j^yg -s^n^ = T\ = T\^a^, s^O^ = F^g = F^g^a*^ and 
so on. Equations IpU]) follow from (fSS)) and provided that i^gggg = 0. 

Next we consider an arbitrary section s: V. In the local trivialization 

= Hj X we have V 3 w = {v,x), where v S Hi, x £ and s is given 
by a; Now s*a}'^(a;) = v^^{x^s*qu)'^(x)v(x) ~V {x)Av{x) , and s*F is 

the go ffi 01 part of 5*2}'^. Since the Lie algebra of H'j is go © 0i © 02, every v{x) 
in the connected component of the identity may be written in the form v(x) = 
V2{x)v\{x) = exp (i2(2^)^2(2^)) exp (ti(x)Ai(x)) with A2{x) € g2 and Ax{x) G 0o © 
01. It follows that 

s*uj''[x) — v^'^{x)2 {v'^^{x)syii''{x)vx{x) + v^^ {x)Avx(x) \ V2{x) + V2'^{x)dv2{x) 

But the go © 0i part of the quantity in the curly brackets is the connection F = SqT 
written in the coframe {s* 9^ , s* 6'^ , s* O"^) and adw"-'^(a;) transforms it into other 
compatible connection, according to ([ST]) . □ 



6. Six-dimensional conformal geometry in the split signature 

Until now we have not proposed any geometric structure, apart from u)'^, that could 
be associated with an ODE of generic type. Motivated by S.-S. Chern's construction 
we would like to build some kind of conformal geometry starting from an arbitrary 
ODE, which does not necessarily satisfy the Wiinschmann condition. 

Let us define the 'inverse' of the symmetric tensor field 5 = 29^0^ — {0'^Y of 
section H to be ginv = g"' Xi ® Xj = 2X1X3 - iX2)^. We take the o(2, l)-part of 
the connection w'^ 

fn^-ni ~0^ \ 
r^i -^2 -0" ], 
\ -^2 ni-nsj 

and the Levi-Civita symbol eijk in three dimensions. Next we define a new bilinear 
form g on ■p'^ 
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The above method of obtaining g of the spUt degenerate signature from 'g is called 
the Sparling procedure 46 . The new metric reads 

(62) g = 2(f7i - 0.^)9^ - 2^20^ + 29^9^ 

and was given in [46j in a slightly different context for the first time. We easily 
find that its degenerated directions Xg^X^.XiQ, and X5 + X7 form an integrable 
distribution, so that one can consider the six-dimensional space A^^ of its integral 
leaves. The degenerated directions XgjXg, and Xiq are isometries 

Lxe% = LxsS = Lx^g, = 0, 
whereas the fourth direction, X^ + Xj, is a conformal transformation 

This allows us to project g to the split signature conformal metric [g] on 
without any assumptions about the underlying ODE. 

It is interesting to study the normal conformal connection associated to this 
geometry. Since is a subbundle of the conformal bundle over M®, we can 
calculate the o(4, 4)-valued normal conformal connection ((55)) at once on T"^. It 
is as follows. 
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appears 


that 


this connection 


is of very special form. 


We 


show that 


the 



algebra of its holonomy group is reduced to o(3, 2) ®. R^. Let us write down the 
connection as 

w ={ni - n3)ei - ^262 + 9-^63 + 9^ei + 9^er^ + 9'^eQ+ 

+ riie7 + 1^468 + ^1569 + f^eeio + w^gCn + w^4ei2, 

where ei, . . . , ei2 are appropriate matrices in o(4, 4). The space 

y ei,...,ei2 >C 0(4,4) 

is not closed under the commutation relations, hence V is not a Lie subalgebra. 
However, if we extend V so that it contains three commutators 613 = [63,612], 
614 = [65,610] and 615 = [65,612] then < 61,..., 615 > is a Lie algebra, a certain 
semidirect sum of o(3, 2) and M^. Bases of the factors are the following: 

=< 61 + 267 - 2614, 611, 612, 613, 615 >, 
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0(3, 2) =< 62 + ei3, 63, 64, es, 66 - ei5, 67, 68, eg, 610, 614 > ■ 

The matrix of w can be transformed to the following conjugated representation, 
which reveals its structure well 



/ 1 


1 n 


In 


-4^26 


00 




2w^5 


\ 
\ 


/l4 
0^ 




-fig 




AVL3 — 4rii 


-2il2 





-2w^5 


q2 

a 




1 


1 


Ad 


rv 




2S22 


3 




0^ 


-9^ 









4r2i - 41^3 


-2172 




































1^3 - 5^^! 


















-9^ 




ifji — 


--2^2 


V 











-29^ 


-02 


-04 





w has the following block structure in this representation 



w = 



—(TLu'^cr/ 



where 



^0 1^ 
10 
10 

\i oy 

Surprisingly enough the o(3,2)-part of w, given by the diagonal blocks, is totally 
determined by the o(3, 2) connection cD^. In particular, this relation holds when 
W = and u)'^ is a conformal connection itself. In this case we have rather an 
unexpected link between conformal connections in dimensions three and six. 



7. Further reduction and geometry on five-dimensional bundle 

Theorem 12.11 is a starting point for further reduction of the structural group 
since one can use the non-constant invariants in (|48p to eliminate more variables 
Ufj^. From this point of view third-order ODEs fall into three main classes: 

i) W^O, F.ggg - 0, 
ii) W = 0, Fgggg ^ 0, 

iii) T^T^O. 

Class i) contains the equations equivalent to y'" = and is fully characterized 
by the corollary [231 Further reduction cannot be done due to lack of non-constant 
structural functions. 

Class ii) is not interesting from the geometric point of view since it does not 
contain equations with five-dimensional or larger symmetry groups, as it is proved 
in theorems 14.21 and 14.71 of chapter H) 

Class iii), which leads to a Cartan connection on a five-dimensional bundle, is 
studied below. Owing to 7^ we continue reduction by setting = 1, A2 — 0, 
which gives 

1 W„ 
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At this moment the auxiliary variable ug which was introduced by the prolongation 
becomes irrelevant and may be set equal to zero 



In second step we choose 
and finally 



Uq = 0. 



U2 = g^^'S 



The coframe and the underlying bundle of the theorem 12.11 have been reduced 
to dimension five according to the following 

Theorem 2.11 (S.-S. Chern). A third-order ODE y'" = F{x,y,y' ,y") satis- 
fying the contact invariant condition W ^ and considered modulo contact trans- 
formations of variables, uniquely defines a 5-dimensional bundle V§ over j"^ and 
an invariant coframe (0-'^, . . . , 6'"', fi) on it. In local coordinates {x,y,p,q,u) this 
coframe is given by 



91 =sXW^uw\ 



UUJ 



'W 



18 ' 



3\/W 



(63) 



W, 



9 ^/w^ 
hw.VZ ~ ^w,z^ 



1, 



3v^ 



1 



-7^ > 



1 



1 



^W.Z I _ _ -Zp - -F,Z„ I u 



+ 



^F.i. +-. 



where uf' are defined by the ODE via 
read 

dO^ ^n;^e^ - Q^^Q'^, 



■m 6 ■ u 

. The exterior derivatives of these forms 



A P — PA ( 



(64) 



de^ ^r^A 

q4 _cc nl . /i2 



A 

dO'' P-A 

dn e\ 6^ + (r - a'^k'^) e^A + m'^ 



g-0\i 



h''0\0^ + -k'' 0^A0^ 



e^0\0\ 



^^^A0\ 



The basic functions for (i.e. generating the full set of functions by consec- 
utive taking of coframe derivatives) are a"^, b"^, e'^, h'', k"^: 



1 



1 



^^+18^ 



\ZF,-\VZ 



K, - \Zp - If,Z, ) Z+ 



-VZ -2K]Zy + Zy 



Fqql\ 3Kp KqFq -^qy 



(65) 



1 /I 



:F„. 



1 

W 



^W,Z-^W, 



-W,F, 
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vz„ + If„z, 



=- 



3 



1 / 2Wg' Wqq 



Our next aim is to obtain a Cartan connection. First of all we study the most 
symmetric case to find the Lie algebra of a connection. We assume that all the 
functions a'=, . . . , m'^ are constant. Having applied the exterior derivative to 
we get that b'^, . . . , m'^ are equal to zero and a'^ is an arbitrary real constant ^. In 
this case the equations become the Maurer-Cartan equations for the algebra 
M^O^R'^. Straightforward calculations show that this case corresponds to a general 
linear equation with constant coefficients. 

Corollary 2.12. A third-order ODE is contact equivalent to 

y'" = -2/ij/' + y, 
where fj, is an arbitrary constant if and only if it satisfies 

1) Wy^O, 

(66) 2) ^(^K+j-^Z^ + lzF,-lvz)=, 

3) 2Wg - 3WqqW = 0. 

Such an equation has the five- dimensional algebra IR^0^R'^ of infinitesimal contact 
symmetries. The equations with different constants jii and fi2 are non-equivalent. 

Proof. Assume that a'^ = k'' = 0. It follows from d^0* = and d^fi = 0, 
that this assumption makes other functions in (|64p vanish. Put y'" = —2fiy' + y 
into the formulae of theorem 12.111 and check that it satisfies a^ — fi, 'k'^ — 0. Every 
equation satisfying a'^ = k^ = is contact equivalent to it by virtue of theorem 
11.31 adapted to this situation. □ 

Now we immediately find a family of Cartan connections 

Theorem 2.13. An ODE which satisfies the condition 

^ K + -5-^2 + \zF„ - \vZ I = A 



^/YP- V 18 9 3 

has the solution space equipped with the following M.'^ -valued linear torsion-free con- 
nection 



Its curvature reads 



with 

R\ ^{Xg'= + k^)6|i A + (Ak^ - g^W^^ 9^ - g'^d^A 9^, 

R\ = - f^9\9^ - g^9\9^ - k'=9^A 9^. 

The connection is flat if and only if the related ODE is contact equivalent to y" 
-2Ay' + y 



f-n 


-9* 


~ 


= A04 


-n 


-9^ 


\-9* 


X9^ 


-n 


R\^ 


R\ 





— \R 2 


R\ 


R\ 




~\R\ 


R\ 
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Proof. The condition a° = A together with its differential consequences b° = 
= e'^ = h'^ = m'^ = and P = — k'^ — Ag'^ is the necessary and sufficient condition 
for the curvature of Qx to be horizontal. □ 

It follows that every ODE as above has its space of solution equipped with a 

geometric structure consisting of 

i) Reduction of fll(3,M) to represented by 

ai a2 
— Aa2 ai a2 

0,2 -Aa2 fli^ 

ii) A linear torsion- free connection F taking values in this R^. 

The structure is an example of a geometry with special holonomy. The algebra M? 
is spanned by the unit matrix and 

/ 1 o^ 

m(A) = -A 1 
\l -A Oy 

whose action on <S is more complicated. Its eigenvalue equation 

det(ul - m(A)) = + 2Au - 1 

is the characteristic polynomial of the linear ODE y'" = —2Xy' + y. If A < the 
polynomial has three distinct roots and m is a generator of non-isotropic dilatations 
acting along the eigenspaces. If A = the characteristic polynomial has two 
roots, one of them double, for other As there is one eigenvalue. The action is 
diagonalizable only in the case of three distinct eigenvalues. 



CHAPTER 3 



Geometries of ODEs considered modulo point and 
fibre-preserving transformations of variables 



1. Point case: Cartan connection on seven-dimensional bundle 

Following the scheme of reduction given in chapter [2] we construct Cartan connec- 
tion for ODEs modulo point transformations. 

Theorem 3.1 (E. Cartan). The point invariant information about y'" = 
F(x,y,y' ,y") is given by the following data 

i) The principal fibre bundle ^ ^ , where dim'P*' = 7, and is 
the three-dimensional group 



(67) 
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/ui, 


1 U2 

2 ' 
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1 U2 






2 y«ru3 


V 














ii) The coframe (0^ 0^, 0^, 0"', fli, ^2, fla), which defines the co(2, 1) 
valued Cartan normal connection on by 



(68) 



|4 



\ 




Let (x,y,p,q,ui,U2,U3) — {x^,Uf^) be a locally trivializing coordinate system in 
. Then the value of u}^ at the point (a:*,u^) in is given by 



where u denotes the matrix (j67p and 



2^2 



J ^3 "2 1 

;2 ^3 



\ 




^3 5^2 



ioo 
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is the connection ujP calculated at the point (a;*,ui = 1,U2 ~ 0,U3 = 1). The forms 
oj^,uj'^,u!^,uj'^ read 

ui^ =dy — pdx, 

uP' =dp — qda;, 

=dg - FAx ~ \Fq(&p - qAx) + Ki&y - pda;), 

=da; + \Fqq{&\) - pAx). 

The forms fi^ , • ■ • , i^g read 

r!° = - + lF,,F, + + ii^,,c^^ 

Proof. We begin with the Gp-structure on of Introduction, which encodes 
an ODE up to point transformations. In the usual locally trivializing coordinate 
system [x, y,p,q,ui,..., us) on Gp x the fundamental form 0^ is given by 

We repeat the procedure of section [2] of chapter [2] We choose a connection by the 
minimal torsion requirement and then reduce Gp x J^'^ using the constant torsion 
property. We differentiate 0* and gather the 9^ a 6^ terms into 

(19^ = f7iA 



^9'.9\ 



U3U7 

d9^ = n2^9' + n3^p^ ' ^4-^3 



A ( 



(69) ueU7 

d9^ = 9^ + l^gA 9^ + QqA 6'^ 

d9'^ = flsA 9^ + flgA 9^ + fir A 9"^ 

with the auxiliary connection forms f2^ containing the differentials of and terms 
proportional to 0*. Then we reduce Gp x J'^ by 

Me = — , U7 = — • 

Ul U3 



Subsequently, we get formulae identical to (|4T|) . (|42 

Ul V 3 ^ 



Ml 2ui 

and also 

"8 = 7 — -f??- 

After these substitutions the structural equations for 9^ are the following 
d9^ ^^1^9^ +9^ a9^, 
d9^ =n2A 9^ + n^A 9^ + 9^ A 9^, 
d9^ =n2A 9^ + {2^3 - ni)A 9^ + AP9^A 9\ 
d9^ ^{fli - n3)A9'^ + B19^a9^ +BP9^a9\ 
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with some functions A^jB^jBj. But now, in contrast to the contact case, the 
forms i7i,r22,^^3 are defined by the above equations without any ambiguity, thus 
there is no need to prolong and we have the rigid coframe on the seven-dimensional 
bundle □ 

1.1. Point versus contact objects. Comparing theorem [XT] to theorem [TT] 
of the contact case, we see that the contact and point objects are related as follows. 
The point bundle is a subbundlc oiV^ , the embedding a: V given by 

(70) U4^^Fqq, "5=0, Me = 0. 

p p 

In this paragraph we denote the point coframe of theorem 13.11 bv (6'^, . . . ,6^) in 

c c 

order to distinguish it from the contact coframe now denoted by (0-'^, . . . , ^7). The 
point coframe on can be constructed from the contact one by the following 
formula. 

p c 

z = 2,3,4, 
2fi<J*e\ 



(71) 
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c 






p 


c 




= a*Qi 


p 




^2 


^(7*^2 


p 


c 


^3 


= (J* ^3 



where the functions /i and /2 are 



— (K + iF F — 



U3 

The mapping a together with the functions /i , /2 is a new piece of structure that 
allows us to move from the more coarse contact coframe to the point coframe. 
It is obvious that Fqq and /i appearing in the above formulae are not contact 
invariants. What is more, they are not point invariants either, for the property 
Fqq = or /i = is not preserved under point transformations. At the level of 
geometric objects the passage from the contact case to the point case is given by 
the difference 

One can also proceed in the inverse direction and construct the contact bundle 
and coframe starting from the point case. In this approach the bundle T"^ is the 
extension V = Hq of and in order to get the contact coframe we must 

c c 

define forms 0^, . . . , ilg on in terms of the point coframe, then define a matrix 
one-form ui'^- on and finally lift this Q'^ to the Cartan connection on V^. Since 

c c c c c 

the formulae for 9^, . . . ,^1^ are similar to (|7ip and the formulae for fli, are 
complicated we omit them. 

1.2. Curvature. Further analysis of the coframe of theorem l3.1l is very similar 
to what we have done in chapter [51 The curvature of the connection is given by 
the following exterior differentials of the coframe, cf (|10p 

de^ ^n2A 9^ + n^A 9^ + 9^ a 9^, 

d9^ =n2A9^ + {2^3 - ni)A9^ + Al9'^ a9^ , 
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(72) dni = - + (d^ + 3Bi)0\ + (sb^ - 2Bi)0\ e"" 

dl^2 =(^3 - f^i)A Vl2 + D^^^A + (D^ + B|)6'^A 9^ + Ale^A 9^ 

dQs =(DP + 2Bl)0\ 9^ + 2{Bl - BP)0\ 9^ + C?^^ - 2B|^^ 0^ 

where A^, A^, A^, B^;, B^, B^, B^, C?, D^, are functions on pP. All these func- 
tions express by the coframe derivatives of A^ , B^ , , which therefore constitute 
the set of basic relative invariants for this problem and read 

A? =4w, 

TiP-—f—F F ^—F^ 4--F \-l^F 
^ ~ul [iS^"" + 36 6 ""V 64 ™' 

C? =g (^2F,,K + ^F,F,, - 2F,y + F,, + 2W, 
Bj and B^ are also vital: 

BP I K +-F F +-F +— 
-°4 ^ y2 y^^ii ' g-^qqq-^q ' ^-^qqp ^ \2 I'J 

Corollary 3.2. For a third-order ODE y'" = F{x,y,y' ,y") the following 
conditions are equivalent. 

i) The ODE is point equivalent to y'" = 0. 

n i 

qq 



ii) It satisfies the conditions W = 0, Fgqq = 0, F^^ + GFgqp = and 



2FqqK + —FqFqp — 2Fqy + Fpp — 0. 

iii) It has the CO (2, 1) ©. algebra of infinitesimal point symmetries. 

The manifold , like V^, is equipped with the threefold structure of principal 
bundle over J"^, and S. Let (Xi,X2,X3,X4,X5,X6,X7) be the frame dual to 
{0^,e'',9^,9\^^M2.^z). 

• VP is the bundle H^-^Vp ^ with the fundamental fields X5, Xe, X7. 

• It is the bundle CO{2, 1) ^ Vp ^ S with the fundamental fields 
X4, X5, Xg, 

• It is also the bundle II4 ^ pP with the fundamental fields 
X3, X5, Xq, Xr. 

2. Einstein- Weyl geometry on space of solutions 

Wc have already described the construction of the Einstein- Wcyl geometry on the 
solution space in Introduction. Here we write it down in a more systematic manner. 

2.1. Weyl geometry. A Wcyl geometry on A1" is a pair {g.(t>) such that g 
is a metric of signature {k,l), k + I = n and (j) is a one-form and they arc given 
modulo the following transformations 
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In particular [g] is a conformal geometry. For any Weyl geometry there exists the 
Weyl connection; it is the unique torsion-free connection such that 

Vg ^2(f>(g) g. 

The Weyl connection takes values in the algebra co(fc,Z) of [g]. Let (w^) be an 
orthonormal coframe for some g oi [g]; g = g^u^^ ® with all the coefficients g^i, 
being constant. The Weyl connection one- forms F^^^ are uniquely defined by the 
relations 

dw^ + F^^Aw'^ = 0, 

^(t^v) ^ ~9iiu<l>, where Tij = g^k^^y 

The curvature tensor R%p„ , the Ricci tensor Ric^i, and the Ricci scalar R of a Weyl 
connection are defined as follows 

R^, - dF^, + F';a T", = R^p^u:";. c.^ 

R-iCpj/ = R'^ppi^, 

R^Ric^.g'^". 

The Ricci scalar has the conformal weight —2, that is it transforms as R ^ e~^^K 
when g —> e^^g. Apart from these objects there is another one, which has no 
counterpart in the Ricmannian geometry, the Maxwell two-form 

F ^ d(/). 

The Maxwell two-form F^^^, is proportional to the antisymmetric part Ricj^^^j of the 
Ricci tensor. 

Einstein- Weyl structures are, by definition, those Weyl structures for which the 
symmetric trace-free part of the Ricci tensor vanishes 

Ric(^i.) - ^R ■ g,,u = 0. 

2.2. Einstein- Weyl structures from ODEs. In this paragraph we follow 
P. Nurowski ,46, .48) . One sees from the system ([72]) that the pair (g, Vt^), where 

g^20^0^ - {e'^f 

is Lie transported along the fibres of ^ 5 in the following way 

Lx,g = A\{e^f, Lx,g = 0, Lx,g = 0, Lx,g^2g, 

and 

Lx3^3 = ^C!^^^, 

Lx^Qs^O, for i-5,6,7. 

Due to these properties {g, Q3) descends along ^ S to the Weyl structure {g, cf)) 
on the solution space S on condition that 

W 

and 

(73) {^VFq — |Fg — Fp) Fqq + ^FqFqp — 2Fqy + Fpp = 0. 

These conditions are equivalent to E. Cartan's original conditions JU]), (fT5| . Our 
conditions are even simpler, because the quantity (|73|) is of first order in V. 

The conformal metric of the Weyl structure (g, <j)) coincides with the conformal 
metric of the contact case and is represented by 

g = 2w^w^ - {u?f = 

= 2{dy - pdx){dq - \Fqdp + Kdy + (\qFq - pK - F)dx) - {dp - qdx f, 
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while the Weyl potential is given by 

The Weyl connection for this geometry, lifted to CO(2, 1) — > — > S, now the 
bundle of orthonormal frames, reads 

-r^i -6i4 



-Vt2 Vtl - 21^3 y 



The curvature is as follows 



(74) = I R\ -F 




R\ 



^i- 2 

R\ -R\-F, 



with 



F = dn3 = 2Bie\ + (2B^ - 26^) 



, — '--^ -r V"i — ^^^^ 

The Ricci tensor reads 






Ric= I 3B| 

-3BP + B^ -3B^ 

and satisfies the Einstein- Weyl equations 

RiC(y) = \R ■ Qij 

with the Ricci scalar R = 6B4. The components of the curvature in the orthogonal 
coframe given by mi = 1, M2 = 0, 1*3 = 1 are given by 
tdp J_p Po-ip J L p2 

■rp -If 

tdp i_p ]_p ]_p Ty- J_p p _!L p-^ p r 

-^3 —Q-^qqy 3^qq^^q e^qqq^^ is-^qq-^qp 54 qq q 9' 

rp — /T -4-ip pj^ip J-J_p2 
-D4 —^^qq ^ g^qqq^q ^ s^qqp ^ \2 11' 

3. Geometry on first jet space 

In section [5] of chapter [2] we described how certain ODEs modulo contact transfor- 
mations generate contact projective geometry on J^. The fact that point transfor- 
mations form a subclass within contact transformations suggests that ODEs modulo 
point transformations define some refined version of contact projective geometry. 
Indeed, the only object that is preserved by point transformations but is not pre- 
served by contact transformations is the projection J^^ — > xy plane, whose fibres 
are generated by dp. This motivate us to propose the following 

Definition 3.3. A point projective structure on is a contact projective 
structure, such that integral curves of the field dp are geodesies of the contact 
projective structure. 

We immediately get 

Lemma 3.4. The field dp is geodesic for the contact projective geometry gener- 
ated by an ODE provided that the ODEs satisfies 

F — n 

^999 ^ 
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Proof 
proposition 



In the notation of section [Ol of chapter [2] we have dp — 62 and, from 
0. Thus V2e2 — Ae2 iff r'^22 — Oj which is equivalent to 



^ 22 — 



Fqqq = by mcaus of lemma [27 



□ 



However, the condition Fqqq = is not sufficient for the form ([68]) to be a 
Cartan connection for the point projective structure and we show that there does 
not exist any simple way to construct a Cartan connection on J^. The 

algebra co(2, 1) ©. R'^ C o(3, 2) inherits the following grading from (pT|) 



co(2,l) 



0-2 ® 0-1 ® 00 ' 



but it is not scmisimple, so the Tanaka method cannot be implemented. Moreover, 
the broadest generalization of this method - the Morimoto nilpotent geometry 
handling non-semisimple groups also fails in this case. This is because the Morimoto 
approach requires the algebra g to be equal to the prolongation of its non-positive 
part algebra 0_2 ©0-1 ©00- The notion of prolongation as well as algorithmic 
procedure for calculating it has been introduced by N. Tanaka '54'. In our case 
the prolongation of 0_2 © 0-i © 0o is larger then co(2, 1) 0. R'^ and equals precisely 
o(3, 2), which yields a contact projective structure. Thus only the contact case is 
solved by the methods of the nilpotent geometry. 

Lacking general theory we must search a Cartan connection in a more direct 
way. Consider than an ODE satisfying Fqqq =0. It follows that 



qqg 

B4 = in equations ([7^ . We seek four one- forms 



= and 



Si ^Qi + ai0^ + a26'2 + a^i 
E2 =^2 + bi9^ + b20^ + bsB- 

S3 =a3 + Cl0l+C202 + C30- 



with yet unknown functions ai , 



2-2 



/a, such that the matrix 
\ 











"3 



\20l 02 _q4 

is a Cartan connection on V"^ . Calculating the curvature for this connection 

we obtain that the horizontality conditions yield 



dai =Xi(ai)0i +X2(ai 



BP03 



D2 and their 



Unfortunately, none combination of the structural functions A^, 
coframe derivatives of first order satisfies this condition. Therefore we are not able 
to build a Cartan connection for an arbitrary point projective structure. Moreover, 
since B^ is a basic point invariant together with and C^, it seems to us un- 
likely that among the coframe derivatives of A^ , . . . , of any order there exists 
a function satisfying the above condition. If such a function existed it would mean 
that among the derivatives there is a more fundamental function from which B^ 
can be obtained by differentiation. 

Of course, we do have a Cartan connection for the point projective geometry 
provided that in addition to Fqqq = the conditions B^ = — are imposed. 
However, the geometric interpretation of these conditions is unclear. 
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4. Six-dimensional Weyl geometry in the split signature 

The construction of the six-dimensional split signature conformal geometry given 
in chapter [2] has also its Weyl counterpart in the point case. A similar construction 
was done by P. Nurowski, [46) but he considered the conformal metric, not the 
Weyl geometry. Here, apart from the tensor 

g = 2(^1 - ^3)6*2 - 2^36'^ + 29^9^ 

of (1^^ . we also have the one- form 




The Lie derivatives along the degenerate direction + Xj of g are 
L{Xs+Xr)S = g and L(^x5+x-r)^3 = 0. 

In this manner the pair (g, ^^3) generates the six-dimensional split-signature Weyl 
geometry (g, (p) on the six-manifold Ai^ being the space of integral curves of X5 + 
Xj. The associated Weyl connection is co(3, 3) ®. R®-valued and has the following 
form. 



where 
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-r^6 
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-\9^ 









¥' 


-\e- 
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-¥' 
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-r^3 






^ 3 


=1^2 + 


^A^9^ 










^ 3 


=Aie' - 


V\A19^ + A19\ 










^ 5 




^Bl9^ + {lBl- 




f (C^-iA^) 






^ 6 














^ 6 


-(B^3 + 


-0^)9^ + iB^02 _ 


f B^04_ 







Contrary to section [6] of chapter [21 this connection seems to have full holonomy 
CO(3, 3) K and it is not generated by uj^ in any simple way. It is also never 
Einstein- Weyl. 

5. Three-dimensional Lorentzian geometry on solution space 

The geometries of sections [2] to [H are counterparts of respective geometries of the 
contact case. The point classification, however, contains another geometry, which 
is new when compared to the contact case. This is owing to the fact that the 
Einstein- Weyl geometry of section [2] has in general the non- vanishing Ricci scalar, 
which is a weighted function and can be fixed to a constant by an appropriate 
choice of the conformal gauge. Thereby the Weyl geometry on S is reduced to a 
Lorentzian metric geometry. 
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These properties of the Weyl geometry are reflected at the level of the ODEs 
by the fact that the equations 

and 

(76) . 

are contact equivalent to the trivial y'" = by means of corollary 12.41 but they 
are mutually non- equivalent under point transformations and possess the o(2,2) 
and o(4) algebra of point symmetries respectively. Both of them generate the 
same flat conformal geometry but their Weyl geometries differ. After calculating 
equations (|74p we see that the only non-vanishing component of their curvature is 
the Ricci scalar, which is negative for the equation ([75|) and positive for (17^ . In 
this circumstances we do another reduction step in the Cartan algorithm setting 
the Ricci scalar equal to ±6 respectiveljQ, which means B4 = ±1, and obtain a six- 
dimensional subbundle oiP^. The invariant coframe {9^,9'^,9^,9'^,fli,n2) yields 
the local structure of 80(2, 2) or S'0(4) on while the tensor g = 29'^9^ - {9'^ f 
descends to a metric rather than a conformal class on S by means of conditions 

(77) Lx.g^Q, Lx.g^O. 

The obtained metrics are locally diffeomorphic to the metrics on the symmetric 
spaces S'0(2,2)/S'0(2, 1) or S'0(4)/S'0(3). 

In order to generalize this construction to a broader class of equations we 
assume that the Ricci scalar of the Einstein- Weyl geometry is non-zero 

6Kqq + ^FqqqFq + 2Fqqp + ^F'^q ^ 

and set 



-"3 



2 1 

QKqq + -^FqqqFq + 2Fqqp + ^-^gq 



in the coframe of theorem 13.11 The tensor g on Vg projects to the metric g on S 
provided that the conditions (|77p still hold, which is equivalent to 

W = and {V + iFq) (^6Kqq + ^FqqqFq + 2Fqqp + ^F^q^ = 0. 

The Cartan coframc on Vq is then given by 
d9^ ^niA9^ -9\9'^, 
d6|2 =f72A 9^ + pi6|2a 9^ ~ 9^ A 6'^ 

d9^ ^n2A 9^ - niA 9^ + P29^A 9^, 

d9^ A + P30^a9'^ + P40^a9^ + P50^a9^ - ^P20^a 0'^ + pi6'^A 6l^ 

df^l = - VL2A 0^ + P2r22A 9^ + Pe9^A 0^ + P70^A 0^ + P40^A 0'^ + P50^ A 0^ , 
dfia = - f^lA ^2 + Pll^2A 0^ + PS0^A 0^ + Pg0^A 0^ + PIO0^A 0^ + P50^ A 0'^ , 

with some functions pi, . . . , pio and the Levi-Civita connection is given by 

T\ 
T\ ri 
T\ 



"'^We choose ±6 here to avoid large numerical factors. 
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where 

r'2 =5P2^' - pi^' - ^^ 

T\ = -n2 + ip2^'. 

The curvature reads 

R\ R\ \ 
R\ R\ ], 
R\ -R\J 

R\ =|(P9 - P6)^'a + (i(p2)' - P7)0^A 0^ + (P4 + X2(pi) + ipiP2)^'A 0\ 

R\ =(PlO - ^^2(P2) - i(p2)')^'A02 ^ +X2(pi) + ipiP2)^^^' 



R\ = - Ps^'a 6^ + i(p6 - Pg)^^^ 9^ + (-P10 + i^2(P2) + i(P2)')^'A 6^ 



6. Fibre-preserving case: Cartan connection on seven-dimensional 

bundle 

The construction of a Cartan connection for the fibre preserving case is very similar 
to its point counterpart. This is due to the fact that every point symmetry of y'" = 
is necessarily fibre-preserving and, as a consequence, the bundle we will construct 
is also of dimension seven. Starting from the G/-structure of Introduction, which 
is given by the forms 



-UiLO 



and after the substitutions 



uq = — , 

Ml 

Us = 

Ui 



Ui 
Us 



U2 



u 



—K H 

ui 2ui 



we get the following theorem. 



Theorem 3.5. An equation y'" ~ F{x,y,y',y") m,odulo fibre-preserving trans- 
formations is described by the coframe {0^, 0^, 0^, 0^, fli,fl2, ^Is) which generates the 
following Cartan connection 



(78) 



-,f - 
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0* 










0^ 


0^ 


^fll — fls 


-5^2 


y20^ 


0^ 


-0^ 
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on the seven- dimensional bundle ^ ^ . The group is the same as in 
the point case 



A 




1 M2 

2 v»r' 





\ 

























1 M2 






2 yuTu3 


\ 














and the connection is explicitly given by 



where u € and 



2^2 



\ 




CO 



2 "2 



is given by 



=dy — pdx, 
bp' =Ap — qdx, 

ui^ =dq - Fdx - |Fg(dp - qdx) + K{dy - pdx), 



/ =dx 



f]0 



2 —L UJ^ — Kq Up 



1 P ,~,3 



The exterior differentials of the coframe are equal to 
d9^ =OiA 9^ + 6l^A + B{e\ 6l^ 

de^ =02A e'^ + (2O3 - Oi)a + a{6i^a + b{6i\ e^, 

d6'* =(0i -f^3)A6l^ 
(79) dfii = - fi2A + (d{ - B^)6»i A 6»2 + B^6»i A 6»^+ 

+ (2c{ - A{)6^Ae'' + -b{6'^a + -B^e'^A e^ 

dQ.2 =(03 - ni)A ^2 + d|6'^a + (D{ - 2B^)6i^A 6^ + a|6»^ a 

+ -Bf.e'^A + (c{ - Ai)6'^A 6^ + B{e^A e^, 
df23 =(d{ - B^)6i^A e'^ + B{e^A 9^ + (c{ - A^)6i^A 9^ 
+ Bi9\9' + ^Bie\e\ 
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where A{, A^, A^, B{, B^, B^, B{, B^, B^, C{, D{, are functions on V-''. All 
these invariants express by the coframe derivatives of A{, B{, C{, which read 

A{ ^4^, 

B^ -—F 

C{ ——^ + \Fqp + ^q) + 

"l 

j^Vl (Ip K - F - K - ^F ) 

^ „,2 Vs 99 3 9-^9 ^^P 3 91/j ■ 

"l 

If A{ = then A^ = A^ = and if B{ = then B/' = for i = 2, . . . , 6. In 
particular we have 

dB{ = -B^6|i + (B^ - b|)6|2 - B{e^ - B^O'^ - Bfllg. 

The flat case is given by vanishing of A{, B{ and C{. 

6.1. Fibre-preserving versus point objects. An immediate observation 
about the fibre-preserving objects is that they are closely related to their point 
counterparts of theorem 13.11 The bundle V-^ is also, like V^, a subbundle of the 
contact bundle V given 

(80) U4 = 0, 1*5 = 0, ue = 0, 

/ / 

and, as before, the forms 9^,. .. ,9'^ of the fibre-preserving coframe are given by 
pull-backs of their contact counterparts 

/ 

e^ = T*9\ i = 1,2,3,4. 

This fact suggests that there exists a distinguished diffeomorphism of and 
given by a similar condition. Indeed, there is the unique diffeomorphism p: — s- 
such that 

p f p f p f 

(81) 9^ ^ p*9\ e^=p*9'^, e^^p*9^. 

It is given by the identity map in the coordinate systems of theorems 13.11 and 13.51 
The remaining one-forms are transported as follows. 



(82) 



p 

9' 


^P*{9U 
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=P*(i- 






p 






-iB{/3; 


P 


=p*(4- 






H 


1 

3ui 


(T^iPqq) H 





where 



The above formulae enable us to transform easily the fibre-preserving coframe into 

/ / 

the point coframe. Given the fibre-preserving coframe (0 , . . . , f^a) we compute 

/ / / 

d9^ and take the coefficient of the 9^ a 9^ term. This is the function B{. Next we 

compute dB{, decompose it in the fibre-preserving coframe, take minus function 
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that stands next to 6''* and this is Bg. We substitute these functions together 
/ / 

with {6^, . . . , into the right hand side of (|8ip and (|82p. where p is the identity 

transformation oiV^ and the point coframe is exphcitly constructed on . 

Now let us consider the inverse construction, from the fibre-preserving case to 

p p 

the point case. If we have only the point coframe (0^, . ..^Cl^) then we can not 
utilize eq. (15^ since we are not able to construct the function B{, which is not 
a point invarian10 and, as such, does not appear among functions A^, . . . , in 
()72p or among their derivatives. However, if we consider the point coframe and the 
function B{ then the construction is possible, since Bg is given by the derivative 
— X4(B{) along the field X4 of the point dual frame. Therefore the passage from the 
point case to the fibre-preserving case is possible if we supplement the connection 
with the function B{. This fact implies that each construction of the point case 
has its fibre-preserving counterpart which has an additional object generated by 
B{. 

7. Fibre-preserving geometry from point geometry 

7.1. Counterpart of the Einstein- Weyl geometry on 5. This geometry is 
constructed in the following way. Let (6*^, . . . , il^) denotes again the fibre-preserving 
coframe. Given the objects g = 29^6^ — ^^i^ 

let us also consider the function B{, and ask under what conditions the triple 
(g, 0, B{) can be projected to a geometry on S. There are two possibilities here, 
either B{ = or B{ 7^ 0. If B{ = then it is easy to see that the pair (5, (p) 
generates the Einstein- Weyl geometry if only A{ = C{ = 0, which means that we 
are in the trivial case y'" = 0. 

Suppose B{ ^ then. For the geometry on S to exist we need not only the 
conditions for the Lie transport of 5 and but also 

(83) ixiB{ = 0, for i = 4, 5, 6, Lx,B{ = -B{. 

If all these conditions are satisfied then (g, 0, B{) defines on S the Einstein- Weyl 
geometry (17, 0) of the point case, which is equipped with an additional object: a 
weighted function / which transforms / ^ e.^^ f when g e^^g and is given by the 
projection of B{. The conditions for existence of this geometry are A{ — Bg — 0, 
that is 

(84) W = Q and V{Fqq) + \F^qFq ^ Q. 

As usual, the condition W ^ guarantees existence of [17] and the other condition 
yields . The proper Lie transport of along X4 is already guaranteed by the 
above conditions as their differential consequence. 

7.2. Counterpart of the Weyl geometry on AA^. In the similar vein we 
show that the triple (g, i0,B{), where 

g = 2(r2i - r23)e'2 - 2173^1 + 20^0^, 

projects to the six-dimensional split signature Weyl geometry (g, <j)) of chapter [3] 
section m equipped with a function / of conformal weight —2. 

^For example the point transformation (x, y) — > (y, x) destroys the condition Fqq = 0. 
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7.3. Counterpart of Lorentzian geometry on S. Given {g, (f>, /) on S it 

is natural to fix the conformal gauge so af0 f — 1. This is equivalent to another 
substitution 

U3 = -^Fqq 

in the Cartan reduction algorithm, which leads us to the bundle Vl with the fol- 
lowing differential system 

de^ =- S1ia6|3 + f72A6|2 + (2 - 2h)6^^e^ + UO^^e^ +2h0^^e^, 
(85) d6'* = VliA 0'^ + fs e^A + (fa - 2) 6I''a -|- fi 6*4 a 

df^i = (2f3 - 2)r22A - + feei^A + i^e^A + fse'^A e'^ - ho'^o'^, 
dVL2 = r22A r^i - fif^2A - f2r22A 61* + fgei^A + fio^^A + fiiei^A 

+ fi26'2 A 03 + fiaei^A 61"* - f56i'\ e*. 

If the conditions (|84p . now equivalent to f4 = = f2, are satisfied then g = 
20^0^ — {O'^Y' projects to a Lorentzian metric g and 

4> = -2h6^ + 2f36|2 + 2fi6'3 

projects to a one-form 0. With the Lorentzian metric there is associated the Levi- 
Civita connection (L^^): 

r\--r!i + (f3-i)0', 
T\ =(f3 - i)e^ + fi0' - 0^ 

The covariant derivative of (j) with respect to F^^ is as follows 

/ -f9-(f5)' if6+f5(f3-2) fl2-f3(f3-3)\ 

</.,y= ife+fsfs 2fi2-2f3(f3-2) X2(fl)+fl . 

Vfl2-f3(f3-l) ^2(fl)-fl ^3(fl) / 

The one-form cf) and the Ricci tensor satisfy the following identities 

R^20^0fe+6, 
d0 = -2 * 0. 

The homogeneous model of this geometry is associated to y'" = | . 



'With possible change of the signature to make / positive. 



CHAPTER 4 



Classification of third-order ODEs 

Previous chapters provided several geometric constructions associated to third- 
order ODEs, now we focus on the apphcation of the Cartan equivalence method to 
the classification of ODEs. Following [51 chapters 8 - 14 we describe the procedure 
which was outlined in Introduction. 

By means of theorems 12.11 12.111 13.11 and 13.51 to an ODE modulo 
contact/point /fibre- preserving transformations there is associated a Cartan coframe 
on a bundle V — + . From theorem 11.31 (with obvious changes) we know, that 
the underlying ODEs are equivalent if and only if the coframes are. Thereby the 
problem of equivalence of ODEs is reduced to the equivalence problem of coframes. 

Consider two smooth coframes (w*) on Al" and (a)*) on tW". Let {Xi) and {Xi) 
be the dual frames. We ask under what conditions there exists a local diffeomor- 
phism $:AlDt7 ^ U C M such that ^*uj^ = w*. To answer this question we need 
to define several notions. The structural equations for (w*) read dw* = ^Tj^.w^ ACJ*'', 
where Tj^ = Tj^^j are smooth functions since the coframe is smooth. The functions 
Tjfc and their coframe derivatives Tj^,; = Xi(T;^, T^^^^^^ = X„,iXi{T;^)) etc. of 
any order are called structural functions of the coframe. T'^j. are the structural 
functions of zero order, Tjf,^^ are the structural functions of first order and so on. 
Since pull-back commutes with exterior differentiation all the structural functions 
are relative invariants of the equivalence problem of coframes. We say that smooth 
functions /i, . . . , are independent at a point w if d/iA ... a dfk at w. The 
rank of a coframe (w*) at w is defined to be the maximal number of its independent 
structural functions at w. The order s at u; of a coframe of rank r at w is the 
smallest natural number such that among structural functions of order at most s 
there are r functions independent at w. 

We call a smooth coframe regular in an open set U if for each j > the number 
of its independent structural functions of order j is constant on U. In particular 
the rank and the order of a regular coframe are both constant on U. From now on 
we confine our considerations to coframes regular on sufficiently small topologically 
trivial open subsets U of A4. For a regular coframe of order s one may choose a 
set of r independent structural functions Ii, . . . ,Ir, which are of order at most s 
and all the remaining structural functions of any order are expressible in terms 
of Ij, Ta = fa{Ii, ■ ■ ■ ,Ir)- Indeed, all the (s + l)-ordcr functions are of this form 
by definition of the order of a coframe, whereas all the functions of order s -f 2 or 
greater are their coframe derivatives. These derivatives depend on Ij and but 

are functions of order at most s -I- 1 so their are also fimctions of Ij. 

Thereby all the structural functions are described by i) the set (/i, . . . , 7^) and 
ii) the formulae which characterize how the {s-\- l)-order functions are expressed by 
(Ii, . . . , /r). Both these objects may be encoded in the so called classifying function. 
The classifying function for a coframe of order s is a function T: Ai ^ ffi^ given 
by all the structural functions of order at most s -I- 1, which are lexicographically 
ordered with respect to their indices, and N is the number of these structural 
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functions 

By smoothness and regularity of the underlying coframe the graph T{U) is an r- 
dimensional submanifold in R^. The last ingredient which we need is definition 
of overlapping; two r-dimensional submanifolds of overlap if their intersection 
is also an r-dimensional submanifold of M^. Now we are in position to cite the 
following 

Theorem 4.1 ([H], theorem 14.24). Let (w*) and (a;') be smooth, regular 
coframes defined, respectively, on M"' and . There exists a local dijfeomorphism 
^ : M —f M such that = lo^ , i = I, . . . ,n, if and only if the coframes have the 

same order s = s and the graphs T{A4) and T(A^) of their classifying functions 
overlap. Moreover, if wq ^ M. and wq £ A4 are any points mapping to the same 
point 

zo = T{wo) = T{wo) e TiM) n T{M) 
on the overlap, then there is a unique equivalence map $ such that wq = <i>(u'o). 

An important notion is a symmetry of a coframe. This is a diffeomorphism 
^ : M ^ M such that ^*uj^ — lu\ We have 

Theorem 4.2 ( [511 . theorem 14.26). The symmetry group G of a regular 
coframe (oj*) of rank r on is a local Lie group of transformations of dimension 
n — r. 

There is a class of coframes which admit a particularly simple description in 
this language. These are coframes of rank zero, whose all structural functions T^jk 
are constant. These coframes are of order zero and the image of their classifying 
function is a point in . Thus, two rank-zero coframes are equivalent if and 
only if their structural constants are equal, T'jk = jfc- Furthermore, a coframe 
of rank zero has an n dimensional Lie symmetry group G. The algebra of this 
group is precisely the algebra with structural constants T'^j, and the coframe may 
be interpreted as the left invariant coframe defining a local structure of G on Al. 

Let us turn to ODEs. In order to determine whether or not two given ODEs are 
contact/point /fibre-preserving equivalent one constructs the respective invariant 
coframes for both the ODEs, calculates the structural functions, which are now 
relative invariants for the underlying ODEs, and applies theorem 14.11 provided that 
the coframes are regular. In particular, contact/point/fibre-preserving symmetry 
group of the underlying ODE is isomorphic to the symmetry group of the associated 
coframe. 

In practice there are three difficulties in this approach. First difficulty is that 
the coframes and invariants we have built so far are defined on manifolds V larger 
then J^^. As a consequence, the invariants contain not only x,y,p,q but the aux- 
iliary bundle variables as well. Since it is natural to describe ODEs in terms 
of x,y,p,q only, first of all we must finish the reduction of the group parameters, 
so that finally no free remains and we obtain a coframe on J^^ from which we 
compute invariants of ODEs depending on x, y,p, q only. 

Second problem is that the above method requires regularity of the Cartan 
coframes. Thus we have to restrict our consideration to the class of regular ODEs 
defined as follows. 

Definition 4.3. An ODE y'" = F{x,y,y' ,y") is regular if it is given by a 
locally smooth function F such that the Cartan coframe obtained after maximal 
possible reduction of the structural group is regular. 
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Third and essential obstacle for the full classification is that the task of finding 
whether or not two graphs of functions T: j"^ — > overlap is highly nontriv- 
ial, particularly in our cases, where the components of T are compound functions 
depending on x^y,p^q through F. Taking this into account we restrict the classi- 
fication to two classes of equations for which we are able to find compact criteria 
for the equivalence. 

i) The regular equations possessing large contact or point symmetry groups, 
that is symmetry groups of dimension at least four. 

ii) The regular equations fibre-preserving equivalent to reduced Chazy classes 
II, IV - VII and XII. 

For these two families we carry out the classification to the very end, however we 
also provide some partial result in the case of totally arbitrary ODEs. This partial 
result, theorems 14.51 and 14. 7| is the explicit construction of the invariant coframes 
on in the contact case without further analysis of the classifying function. 

1. Equations with large contact symmetry group 

This class of ODEs is particularly convenient for characterization since, as we shall 
see, to these equations we can always associate a Cartan coframe of rank zero, 
with the only exception of ODEs contact equivalent to general linear ODEs ([88| . 
These exceptional ODEs are characterized by the fact that their symmetry group 
act intransitively on J^^, cf corollary 14.41 and proposition 14.81 

Let us begin with the ten-dimensional coframe of theorem 12.11 As we said in 
section [7] of chapter O ODEs fall into three main classes: 

• = and F,,,, = 0, 

• = but Fqqqq ^ 0. 

If Fqqqq = = then we are in the situation of corollary 12.41 and this is the 
only case of the ODEs with a ten-dimensional contact symmetry group, since for 
any other ODE there are non-constant relative invariants in equations and 
the dimension of the symmetry group is less then ten. Below we consider the case 
W ^ 0. 

1.1. ODEs with W 0. For these equations we have the five dimensional 
coframe of theorem 12.111 

de^ 9^ + a.''9^A0^- e^A e^. 



19^ ^nA 9^ + h" 9\ 9^ + c" 9\ 9^ - ^^a 9'^ + e" 9"^ a 9^ + a''9^A 9^, 

19^ =r 9^ A 9^ + 9\ 6*3 + h'^ 9\ 9^ + 9^ a 9^ - e" 9^ a 9^, 

dil =1" 9\ 9^ + {r - a"k") 9^ A 9^ + m" 9^ a 9^ + g" 9^ a 9^ + h" 9^ a 9^. 



with functions a'^, b'^, e^, h"^, given by 




\vz 



FqqK - 3Kp - KqFq - Fqy + Wg 



(87) e^ =- ( -F,, + — ( -WqZ - -Wp - -WqFg 
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=^ ( (^^^^^ - ^^^^ + - ^^^^^) 

u-^^\<dw 3 y' 

This means in view of theorem 14.21 that ii W ^ Q then we have symmetry groups 
of dimension at most five. We proved in corollarv l2.12l that the assumption a!^ = 
const and k'^ = imphes that the underlying ODE has a five-dimensional group 
of symmetry. Now we easily see that there are no other equations with a five- 
dimensional symmetry group here. In fact, this property requires that all the 
functions in (j86p are constants, in particular a'^ = const and k'^ = const. But 
k"^ ~ so it is a constant function on the bundle iff it vanishes and we are 
back in corollarv l2.12l At this stage we know that all the ODEs with W other 
than y'" = —2fiy' + y have the symmetry group of dimension at most four. Next 
we reduce the last free bundle parameter u. The Cartan algorithm bifurcates at 
this point: 

i) The functions b'^,e'^,h'^ and k'^ in vanish. 

ii) At least one function among b"^, e'^, h'^, k"^ does not vanish. 
We will discuss both these possibilities consecutively. 

i). Utilizing the Jacobi identity for ([5^ we get that all the functions but a'^ 
vanish, a'^ = a'^{x) and da'^ = (a'^)46'*, d(a'^)4 = (a'^)440'' etc, so neither a'^ nor its 
derivatives of any order contain the last auxiliary variable u and the full reduction 
of the structural group cannot be done. We check that the ODE 

(88) y'" = -2^l{x)y' + (1 - fi'{x))y, 

with an arbitrary smooth function satisfies b'^ = e'^ = h*^ = k'^ = and 

a'^ = ii{x). Furthermore, a linear third-order ODE of general form satisfies either 
W = 0, in which case it is equivalent to y'" = 0, or 7^ 0, in which case b'^, e'^, h'^ 
and k"^ vanish. Thus case i) describes the ODEs satisfying W ^ and linearizable 
through contact transformations, in particular the linear equations with constant 
coefficients are distinguished by the additional condition a'^ = const. 

Corollary 4.4. The following third-order ODEs are linearizable via contact 
transformations of variables 

• The equations satisfying W — Fqqqq = 0. These are equivalent to 

III n 

y =0 

and admit the group 0(3, 2) of contact symmetries. 

• The equations satisfying 7^ 0, b'^ = e'^ = h'^ = k'^ = and a'^ = iJ.{x), 
where ^i{x) is any smooth non-constant real function. These are equivalent 
to the general linear equation 

y'" ^^2^i{x)y' + {l-^i'{x))y 

and admit a four- dimensional group of contact symmetries. The symmetry 
group acts on three-dimensional orbits in . If such an equation is given 
in the above form, then symmetries are generated by 

V^^f^dy + f^dp + fl'dq, 1,2,3 

V4 = ydy +pdp + qdq, 

where fi, f2, fa oltc any three functionally independent solutions of the 
ODE. 
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• The equations satisfying 7^ 0, = and a"^ = /i G M. These are 
equivalent to the general linear equation with constant coefficients 

y" = -2m?/' + y 

and admit the group x ^ R'^ of contact symmetries. 
The equations with different values of fJ-{x) or 11 are non- equivalent. 

ii). In this case we use a non- vanishing function among b"^, e"^, h^, k"^ in (|86p to 
do the last reduction and eventually obtain a coframe on J^. The substitution is 
as follows. 

1. If k^ 7^ then we set k'^ = e = ±1 depending on the sign of the quantity 
— ~^)' 'which gives the substitution 



(89) 



1 



W\ 



9W 



in the coframe of theorem 12.111 
2. If k*^ = and e'^ ^ 0, then we set e"^ = 1 and substitute 



3. If k"^ = = and h"^ 7^ 0, then we set h"^ = 1 and 



1 



3VW 



1, 



1, 



:W„Z + Wy 



1, 



-w„vz 



1 

w~ 



4. Finally, if k'' = 6"= = h'^ = and b'^ ^ 0, then we set h"" = 1 and 



(90) 



1 



1 



Kq - -^Zp - -^PqZq 



-VZ ~2K]Zq + Zy+ F,gK - 3Kp - K,F, ~ Fqy + Wg 



In this manner we obtain 



Theorem 4.5. Let y'" = F{x, y, y', y") be an ODE such that i) W ^0, ii) the 
functions b"^, e'^, h'^, k'^ in (j87p do not vanish simultaneously. The contact invariant 
information on this ODE is given by the following Cartan coframe (9^ 
on J^: 



(91) 



32 -^u i ^Zuj'^+Uj'^ 



^(^K+^^z'y'+l{z-F,)u'+^'y 



'W 

\^z-\Wz\.^^^ 

9^W^ 3 V 3^W^ 



up- + v^w^ 



where u is given by eq. 
b'^, e"^, h"^, k"^ are non-zero. 



(I90p . depending on which functions among 
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The exterior derivatives of the above coframe read 



•-2 ' 



A y — w A ( 



(92) 



d0^ = e e^A + e\ 6'^ + II 9^ A 9^ + F ^2 • • 



2 ' 



A f — f A ( 



de^ ^h0\9'^ + k 9\ 9^ - 9\ 9^ + II 9^ A 9^ + 9^ a 9'^ + 9^ a 6'^ 

d9^ =m9^A9^ + n9\9^ + s9\9'^ + ei ei^A 6*^ - (a + I^) 9^ a 9^, 

where ei = ±1, and I^, I^, I3, I4, a, e, /i, k, m, n, s are functions. The most 
important invariants read 



II 



9WqqqW^ - 9WqqWgW + AWH 



2{2W^ - 3WWqq)J\2W^ - 3WWqq\ 



I2 ^ , 3/777..„/„. ((6W"-P^9 - GZW)Wqq + AZW^ - AFqW^ 



6-^W{3WqqW - 2W^) 

+ {3FqqW - 12T4^p - 6WZq)Wq + ISWWqp - 9W^ Zqq - 9W^ Fqqq j , 

K =—}■ — (k- -VZ + —Z^ + -F„Z 
i/lW^ V 3 18 9 V 



I4 = , 9FqWWqqq - 9ZWWqqq 



1 

6^(21^2 _ WWqq)^\2W^ - WWqq^ 

+ {IbFqWWq - IbZWWq - 27WpW + ISWFqq - 18WZq)Wqq 
+ SFqWjl - %ZWl + {mZq + 24Wp - 9FqqW)W^ 

- {9W^Zqq + ISWWqp + 9W^ Fqqq)Wq + 27WqqpW^ 

1.2. Equations satisfying W and admitting large contact symme- 
try groups. Apart from the contact hnearizable equations all the equations ad- 
mitting contact symmetry group are characterized by the coframe (|9ip . By virtue 
of theorem l4.21 an ODE associated with the coframe (|9ip admits a four-dimensional 
symmetry group if all its relative invariants in are constant. 

As we said, two ODEs associated with the coframe ^T\i and admitting a four- 
dimensional contact symmetry group are equivalent if and only if their respective 
invariants have the same constant value. 

Below we describe our method of finding these equations. First we assume that 
the invariants 1^,12,13,14 are constant, which is a necessary condition for a large 
symmetry group. Then we close the system and the identities (P9^ = give 
us information about the remaining invariants, for example 

d'^9^ =(I^l3 - I2I4 + e + s)9^A 9'^ A 9^ + {all + ^'i^l ~ ^1^2 + n)9^^ 
+ (a - Iil2)6i^A 9'^A 9^ -f dflA 9^ A 9"^ = 0. 

This equation yields A^9^a9^ = = (a - 111^)9^ a 9^ a 9^ a 9"^ , hence a = = 
const and we get that n and e+s are also constants expressed by If. Next d^9^A 9^ = 
gives e— fc+s ~ and d^^'^A 9^ = gives k = const, so a, e, fc, n and s are constant. 
Continuing this reasoning we also find that h and m are constant. As a consequence 
1^,12,13,14 = const is the necessary and sufficient condition for an ODE to admit 
a large symmetry group. 

In these circumstances the identities d^^* = become a system of quadratic 
algebraic equations for I^, . . . , s. We solve this system by the method of consecutive 
substitutions. Doing so we find that the system has no solutions if ei = 0. This fact 
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implies that the ODEs which we search exist only in the branch 1 above defined 
by the normalization ()89p . In the case ei = ±1 the system is mrderdetermined 
and we express all the invariants by ei and I^, whose value is arbitrary except for 
11 = 0, ±3/^2. 

a^m, e=^(I^f(96i-5(r,f), 
h = - - 3(1^)^(1^)^ + 9(I^)3ei), n = - ^e^^, 

All ' 

and 

I 



Thereby we have obtained all the structural equations which may be generated 
by ODEs admitting large symmetry groups. However, it is unknown whether every 
admissible values of the invariants are realized by the ODEs. In order to find the 
equations we apply two approaches. The first approach is as follows. We choose 
some simple ODEs, for example F = q" or F = e'^ , calculate the equations ([^^ for 
them and check if they satisfy the large symmetry conditions. By this method we 
find the ODEs which realize some but not all the admissible values of ei and I^. 
In order to find the remaining ODEs we use the fact that when all the invariants 
are constant then the coframe (0*) is a left-invariant coframe of a four-dimensional 
Lie group. This group is precisely the group of symmetry of the underlying ODE 
which acts on and the frame dual to (0*) is a system of infinitesimal symmetry 
generators for the differential equation. We integrate the coframe (0*), that is we 
find the explicit formulae for the forms 0* which satisfy the equations ([5^ with 
constant invariants I^. . . . , s. Having found formulae for the symmetry generators 
we find their common invariant functions on J^^ which are our desired ODEs. On 
integrating the coframe {9'^) we used M. MacCallum's classification of real four- 
dimensional Lie algebras |41| to transform the frames into a simple canonical form, 
which simplified the calculations. 

In this way we have found the full list of third-order ODEs satisfying the con- 
dition W and admitting at least four dimensional group of contact symmetries. 
We gather these equations in table [2] together with equations of the branch W = 0, 
which is analyzed below. Two equations of the same type given in the tables are 
equivalent if and only if the constants they involve are equal. For example F = q^^ 
and F = q'^ are equivalent provided that ^ = v. We give the necessary and suffi- 
cient conditions for any ODE to be contact equivalent to any member of the list. 
We also attach the description of the symmetry algebra. Our result agrees with the 
part of B. Doubrov and B. Komrakov's classification [15] referring to third-order 
ODEs, however we provide other canonical forms of the considered equations. 
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1.3. ODEs with W = and Fqqqq ^ 0. We repeat the scheme explamed 
above. This time we start from the coframe of theorem 12. II The foUowing substi- 
tutions 



Us 



F, 



Us 



ami 



^2F K 

'^^^qqqqq^^qqq 



5F^ 

qqqq 



U2 



U5 



qqqq 



-U3\ 



U3 



F„. 



F, 



qqqqq 



5F„ 



\ F 

\ ^qqqq 

U6 = 

reduce the bundle to a five-dimensional subbundle. The last reduction is as 
follows. 

1. If 



(93) 
(94) 

(95) 
(96) 

(97) 



'^LqqFqqqq 



^Kq ^ 0' 



then 



2. If LqqFqqqq 



Us 



'9L, 



qq 



^ ' " qqq 

'2F ' 

^^qqqq 



but 



F 

•J^qqqqqq^qqqq 



qqqqq ' ' 



then 



3. If ^qq-^qqqq 



25F-] 



Us 



fiF F 

^^qqqqqq^qqqq 



6F2 
qqqqq 



3R'2 
18 



n and hF F 

u cxini o± qqqqqq^ qqqq 



6F2 



F 



qqqq 



tF„. 



15 



FqFqqqqq 



0, but 



1 2F K 
^'^^ qqqqq^^qqq 

5F2 
qqqq 



7^0 



then 
1 

3^ 



(98) us - -Fqq 



F„. 



^e^^q^qqqqq 



1 2F K 
^^^qqqqq^^qqq 

5F^ 
qqqq 



Remark 4.6. The three quantities defined in ([M]) . (^5]) . (fWl) cannot vanish 
simultaneously because it would be in contradiction to the condition Fqqqq ^ 0. 

Thus we have the following 

Theorem 4.7. Let y'" = F{x,y,y' ,y") be an ODE satisfying W = and 
Fqqqq ^ 0. The contact invariant information on the ODE is given by the following 
Cartan coframe {9\ 9"^ , 9^ 9'^) on : 




''''' LU^ + iU^ 



whe 



the function of x,y,p,q given by the formulae ([M)) - (|98p . 
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The exterior derivatives of the above forms are the foUowing 
de^ ^ a 6^ A 9^ + II 0\ 6*3 + Ig 9\ 0^ - 0^A 6'^ 

d0^ = e 9\ 6*2 + £2 9^ + -IE 0^A 0^ + -K 9'^a 0^ - 0^a 9^, 

5 ^ 5 ^ 

d0^ ^ f 0\9^ + g9\9^ +r^9^A0^ + €^2 - ^I6^^^^'^ 

d0^ ^ k0\9^ + 10\0^ + m9\9'^ + I19^a9^ + s9^a9* - -I19\9^, 

5 

where £2 = ± 1 , is defined through 

and I§, I7, I|, a, e, /, g, fc, Z, m, s are functions of x,y,p, q. We do not display these 
functions, since they are complicated. They can be immediately calculated from 
theorem 14.71 We apply the procedure of seeking the ODEs with four-dimensional 
symmetry group and insert the results in table [2] on pages [72] - 1731 

Finally, we have the following geometric description of general linearizable 
ODEs. 

Proposition 4.8. The only smooth third-order ODEs admitting large contact 
symmetry group acting intransitively on are the equations contact equivalent to 

y'" = -2fi{x)y' + (1 - f/{x))y, 

with an arbitrary smooth function fJ.{x) 7^ ccmst. 

Proof. We showed in corollary 14.41 that the above equations admit a 4- 
dimensional contact symmetry group acting on 3-dimensional orbits in All 
other ODEs admitting a large contact symmetry group G possess Cartan coframes 
of rank zero. These coframes were explicitly constructed in theorem l2.1l for the case 
= 0, Fqqqq = 0, in thcorcms 12.111 and 14.51 for the case W and in theorem l4.7l 
for the case W — 0, Fqqqq ^ 0. The coframe for the case W — 0, Fqqqq = gener- 
ates on local structure of the homogeneous space S'P(4,M)/if6- The coframes 
of theorems 14. 51 and l4. 71 equip with local structure of G. In both these cases the 
action of G on is transitive. □ 



2. Equations with large point symmetry group 

Given the detailed description of the ODEs with large contact symmetry groups 
it is already easy to find the equations admitting large point symmetry groups. It 
follows from the fact that any equation possessing point symmetries has at least the 
same number of contact symmetries ('number of symmetries' means the dimension 
of the symmetry group here.) Therefore the equations with large point symmetry 
groups lie entirely within the classes with large contact symmetry groups. As a 
consequence, we must only do the full reduction for the equations contact equivalent 
to those in table [2] and analyze existence of point symmetries. The procedure of 
reduction for point transformations is fully analogous to the contact case. We have 
the following main branches 

i) Linear and point linearizable equations equivalent to y'" = with the 
7-dimensional algebra co(2, 1) ©. of point symmetries. 

ii) Non-linearizable equations admitting the 6-dimensional algebras o(2,2) 
or o(4) of point symmetries. They are equivalent to y'" = ^^p- or y'" = 

o / "2 

-^TTjpr respectively. These classes are new when compared to the contact 
classification. 
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iii) The linear and point linearizable equations which satisfy W ^ 0. They 
are equivalent to y" = —2^{x)y' + (1 — fj! {x))y and have a 5-diniensional 
or a 4-dimensional group of symmetries. 

iv) All the remaining equations satisfying W 0. 

v) All the remaining equations satisfying W = 0. 

Branches i) to iii) are relatively simple to characterize in terms of point in- 
variants, i) has been described in corollary 13. 21 ii), which is contact equivalent to 
y'" = 0, has been discussed in section [5] of chapter [31 and description of iii) is based 
on the reduction to a five-dimensional coframe, as in section flT^ After 

we obtain a five dimensional coframe (0^, . . . , 0^, i7) with the following basic invari- 
ants 

^ K + —Z^ + -ZF„--VZ 



<ym V 18 9^3 

- ^FggVZ - KZq + Zy + ^FggK - 3Kp - KqFg - Fgy 

1 

— '\K F F — F 

'jj^q qq^ q ^ qp 



3 ^W^u 

The linearizable equations are described by conditions expressed in terms of these 
invariants, as given in table [31 

The branches iv) and v) need more thorough study. We consider iv) first. We 
know from section 11.21 that any equation with large point symmetry group in this 
branch satisfies necessarily 3WWqq — 2W^ ^ 0. It implies Wq ^ 0, which allows us 
to reduce the last free group parameter via 

1 Wq 

U3 — 



The set of basic invariants is the following 

TP _ _ p WqqW 

IP =^jl— {iWp + WqF, - WqZ - 3WZg - SFggW) ., 

\JWWq 



^3=-^(2Z, + F,,), 

K = — 1= iZ"^ - + \%K + 2ZF„\ , 
18v^ 

and the above invariants are (up to constant numbers) the 7/3, T\/^, T^^, and 
coefficients in the structural equations 
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for the coframe. The ODEs with large point symmetry groups which faU into this 
branch are types II. 2, II. 3, IV, and VI of table [31 

We turn to the branch v). The coframe is given either by 

qqq ^ ggg^^ ^ qqq 



provided that Fqqqq ^ or, if Fqqqq = but Fqqq ^ 0, by 



3 



""1 ~ 36^"* ^^^mqP + ^FqqqFqq) 
"2 = - + 5FqqqFqq) N, 

qqq 



1 

where 



^3 — ^ {^Fqqqp + bFqqqFqq^ , 



'JJ^qqq 



1 



M — F A F'^ A F F 

— rqqp Q^qq ^ ^^qqq^q- 

For Fqqqq ^ wc havc the following basic invariants 



1^5 



FqqqFqqqqq 

qqqq 



TP _ Pqqqq f^p -12F K +-F F'^+2nF K 

6 ^ ^4 I r^^qqqq ^^-^ qqq-^^qqq ^ g^qqqq^qq ^ ^^J^qqqqJ^'^qq 



qqq 



Fqqqq 2 
I7 ="^^4 iP^qPqqq ~ ^NFqqqq + FqqFqqq) 

qqq 



l8 = - ^^(4iV^9^999 + ^-DNFqqq^ 

- 9N^ - F^^N - i&KqqN - &Fl^qK) , 

which are obtained from the coefficients Tl^,Tl^,Ti;j and T^^ in the structural 
equations. 

For the branch Fqqqq = 0, Fqqq ^ 0, which contains only one class of equations 
with large point symmetry groups, the equations equivalent to F = g'^, we have the 
invariants 

TP _ T^l TP — T^l TP — 

^9 — -'-12' Ho — -'-U' Hi — ^14- 

Properties of the ODEs admitting a large point symmetry group are given in 
table [3] on pages [TH - [TH In the point classification we also have a counterpart of 
proposition 14.81 

Remark 4.9. The fibre-preserving classification of the ODEs admitting a large 
symmetry group is parallel to the point classification and has been already done 
|30|, I33j . The main difference is that types 1.3, II. 3. and IX do not admit four- 
dimensional fibre-preserving symmetry groups. 

3. Fibre-preserving equivalence to certain reduced Chazy equations 

An ordinary differential equation in the complex domain is said to have the Painleve 
property if its general solution does not have movable branch points, that is branch 
points whose location depends on integration constants, [12] . The problem of 
classifying the third-order Painleve ODEs which are polynomials in y', and y" 
and are locally analytic in x was studied by J. Chazy who considered the 

polynomial equations modulo the following transformations 

x^xix), y ^ a{x)y + (3{x), 
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which are a subclass of complex analytic fibre-preserving transformations. J. Chazy 
found thirteen classes of the ODEs satisfying the Painleve property. Each of these 
classes has a particularly simple representative - the reduced Chazy class - obtained 
by a certain limit procedure. Here we are interested in reduced Chazy classes II, 
IV, V, VI, VII and XI cr 7^ 11. They are as follows 

IV: F = -'Syq- ip" - 3y^p, 

V: F^^2yq-Ap'~ 2y^p, 

VI : F ^-yq-hp^ - y'^p, 

VII : F ^-yq-2p^ + 2y'^p, 

24 9 

XI: F^-2yq-2p^ + ^—{p + y^) , a € N, a 7^ 1, 6fc. 

All of them have the form 

(99) F = nyq + Xp^ + jiy^p + yy'^, 

with some constant numbers k. A, /i, v. We exclude type XI for cr = 11 for technical 
reasons. 

We aim to find necessary and sufficient conditions for a regular real third order 
ODE to be fibre-preserving equivalent to one of the above equations. We find the 
Cartan coframe for such equations and the explicit formulae for the fibre-preserving 
invariants. Next we find the functional relations between the invariants, which al- 
lows us in to describe the classifying function T explicitly and consequently describe 
its image. 

First step is calculating the structural equations for the fibre-preserving coframe 
of theorem 13.51 for the Chazy types. They are as follows 

de^ =f72A + {2^3 - ni)A9^ + A{e^A9\ 
de^ ^{fii ~ ^73)A6l^ 

4 I tor<f _ A » fl4 



dr^i =- SlaA^ + {2C{ - A 



2) 



A t 



dn2 ^{^3 - ill) A ^2 + A^e^A + (c{ - a^^^^ 



■2) 



A ( 



dVL3 =(C{ - A: 



A ( 



In this system the functions B?, i = 1 ... 6, D^, and D2 vanish, which is equivalent 
to the following three fibre-preserving invariant conditions 

2 

—J 
3 

The most important non- vanishing invariants read 

^^ = ^[y~Y) "^"^ + 1,^ + T + 18 J 



(100) Fqq — 0, Fqpp — 0, Fppp — 2Fqpy n^qp- 



t t [ 2 1 . 

X4(C{ - A^) = - f + g'«^2/M3 

For the Chazy classes one can reduce the parameters through 
(101) A^ = l, C{-A^ = i, V4(C{-A^) = 0. 
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This leads to the four-dimensional system 



A ( 



3^ 

dec* = r 6*1 A 6''^, 

where 

_ ^ A 1 
6k 4' 

and a, b, c are functions on . We check by direct calculations that in this case 
the coframe is of order one and all the invariants are generated by a and a4 = Xi{a) 
by the following formulae 

I fl \\ 1 1 /I A 

a — 



T \Z kJ 2t 12r2 V3 k 

I fx 7\ WA 7\ 2 / 1 I fx 7\\ 1 



1 fx lUv 3 



(-- 










1 










+ 2' 



SGr-^ \K K-^ 2 

(103) ai = - 2ra - i aa - r, ag = 0, 
6 

= — 3Ta4 + 2Ta2 

a42=-4Ta-i 343 = r, 
6 

a4 . 1 /A \ 9 /I I fx I 

^- = -^^^^-67-^^ +7(;:-0^^ + (7 + 67^l;:-2 

1 1 / 1 



6r2 r3 72 

where, as usual, an = Xi{a), Rij = Xj{Xi{a.)). These algebraic formulae, when 
differentiated, enable to express all other derivatives of a, b and c in terms of a 
and a4. In order to do this we only must consecutively substitute the coframe 
derivatives of a, b and c with the right hand side of (|103p . for instance 

an = -2Tai = ir'^a + ^, ai2 = -2a2 = -2t^ 

etc. Thereby the non-constant components of the classifying function T: J'^ M.^ 
are completely characterized by 

{x,y,p,q) 1-^ (a,b,c, ai,a2,a3,a4,a4i,a42,a43,a44). 

The graph of this function in M^^ is parameterized by a and 34. 

Let us consider an arbitrary third-order ODE. It is locally fibre-preserving 
equivalent to one of the Chazy classes if and only if graphs of respective classifying 
functions overlap. This is only possible if i) conditions (|100p are satisfied, ii) the 
reduction defined by the conditions (|10ip is possible, and iii) after the reduction 
the equations (|102|) and (|103p hold. The reduction poip is possible iff 

^ ' Q ^2Wp - VWg + FgWg 0. 



4. CLASSIFICATION OF THIRD-ORDER ODES 



70 



After the reduction to dimension four given by 

FqP^ 2P 

~SQ Q ' g 



2P^ 2F„P^ 2P^VP 

^1 = —PT^ "3 = ^T7^ 7^ , W3 



we get the frame 



2 



(105) «P^t^9 



^3 ^■^^9' 



2P 

Equations (fTOS]) are satisfied if and only if 

2Wpp - Wqy + FgpWg = 0, 

WgVP - PVWq = 0, 

1 

p J pp — n 

Jyi ^ qp — ^5 

(106) Qy + igF^p - 2rp2 ^ o, 

Kr. + If„,, - ^F„F„r, + (f,„VW„ - ^F,W„„ + IvW, 



SWayVWa [2 A 



W2 ' ^ 



Finally, equations p03p must be satisfied by functions 

PI/ 2 2PW^, 

a= + —iAVP--FaP- 



Wq Q 



(107) 




5 1 / lOP, lOW^,^ , 1 f ^K_lp2, 



2WI Q\ iWq J \ ' 9 « 



_^P^W 

and by their derivatives a4, a4i,...,a44 with respect to the frame Xi,...,X4. 
Therefore, by means of theorem 14. II we have 

Proposition 4.10. An ODE is locally fibre-preserving equivalent to one of the 
Chazy classes II, IV, V, VI, VII or XI for a 11 in a neighbourhood of a point 
jo £ if and only if i) the ODE satisfies the conditions pOOp . p04p . p06p . and 
()103p with the invariants a, c, a4, and a4i, . . . , a44 given by ()105p and p07p . 
ii) the values of EL{jQ) and SLida) for the ODE and the Chazy class coincide. 

Given these criteria for the equivalence it is interesting to find a transformation 
of variables transforming an ODE 

= p fx ^ 
dx^ \ ' ' dx ' dx^ 
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_2 

ax 



-4 



to its equivalent Chazy class 

dx^ dx^ \ dx 
We show that the transformation 

y = Hx,y), 

may be easily found. 

Let us apply to a Chazy class the above (arbitrary) fibre-preserving transfor- 
mation and calculate for so obtained ODE (which is a general ODE equivalent to 
the Chazy classes) the quantities P, Q and Fq ~ pFqp: 

P = - I^Xx(t>y, 

(108) g=2KVxl0y0, 

, A.XX 



Fq - pFgp ^KXx<P + 3- 



From first and second equation we get 



i\og\^\)y =2r 



Xx 



(j)y ' 



2TP(j) 



Putting this into third equation of (jlOSp we obtain 



Finally, after integration of Xx and 



p3 



12rP 
we have 



(109) 



ciQ 
\P\i 



exp 




\2tP 



1 r Q 



dx 



C2- 



Fq) ]dx + 2T — 



V p2 

Q 



dy 



2r Pcl> 

We summarize this calculation as follows. 

Proposition 4.11. // there exists a fibre-preserving transformation from an 
equation y'" = F(x,y,y' ,y") to a reduced Chazy type II, IV - VII or XI a ^ 11, 
then it is given by the inverse of eg. (|109p . where P and Q are calculated for 
y'" — F{x,y,y' ,y") according to formulae (jl04p . 



Table 2. Equations admitting large contact symmetry groups 





Equation 


Characterization 


Symmetry algebra q 


dimg 


I 


p — n 




W = 0, Fgggg = 


0(3,2) 


10 


II 


F = -2iip + y 




Wj^Q, a''=fi, k'^ = 


fl/i TAl = -uV"9 + 1/^? \V^ VA = V"i 


5 


III 


F = -2,i{x)p+{l-/i'{x))y 




W T^O, 3." = n{x), = = h'^ = = 


[Vi,Va] = Vi, [^2,14] = 1^2, 


4 


IV 


F = g3/2+l/(2v7J) 


M > 0, 5^ i 


0<l + 4ei(Fi)-Vg 


/x=l+4ei(IJ)-2 


WO 

II 1i 

8 P 
s 


[Vi, 14] = 2V^i, [\/2, V4] = (1 + Va^)T4, 
[V2. V^a] = V^i, Vi] = (1 - Vm)^3 


V 


F = (92 + l)texp(H£Ml) 


fi>0 


ei = -1, l-4(I5)-2 <0 


/x = 4(Fi)-2-l 


[Fi, ^4] = 2Fi, [^2, V4] = T4 - 

[V2,v^] = Vi, [F3, t4] = ^2 + y?. 


VI 


F = exp q 




ei = -1, 11 = -2 




[Fl, t4] = 2Fi, [^2,^4] =1^2+^4 
[1^2,14] =V^1, [V4,V4] = V4 



Table 2. 



Equations admitting large contact symmetry groups 



Equation 



3/2" 



Characterization 



Symmetry algebra q 



dimg 



VII 



VIII 



F = ii 



IX 



XI 



F = (g2 + 1)3/2 



XII 



F = o3/2 



/X > 



£2 = 1, 
< If < 



< < 1 



e2 = 1, I7 < 



/U > 1 



£2 = -1. If > ^ 



ea = If = 0, Ig 



> 



£2 = -1, < If < 



< A* < 1 



£2 = -1, If < 



£2 — -17 > — 



£2 = If = 0, Ig 



£2 — i, I7 — — 



£2 — -i, I7 — — 



M = 



9(17)" 
9(l7)"-2 



9(I?F 



o 



h- ( 
h- 1 

-JO 

I— ( 

000 



u(2) 



fll(2,M) 



[^2,^4] = -V^3, [V^2,1^3] = Vu 
[1^3, t4] = ^2 



[1/2,^4] =T^2, [^2,14]=^^!, 

[^3,^4] = -Fa 



Table 3. Equations admitting large point symmetry groups 





Equation 


Characterization 


Symmetry algebra g 


dim g 


I.l 






Fqq + (^F,,P = 


F K + ^ F F F + ^ F — n 

^ QQ^^ ' 3^ QP ^ qy ^ 2 PP 

W = 0, Fqq, = 


co(2,1)®.M3 


7 


1.2 


F ~ 

2 p 




F^q + e^^ggp < 


0(2,2) 


6 


1.3 


^ ~ i+p' 




F^^ + 6Fg,p > 


0(4) 


6 


1.4 


F ^q^ 




T/[/ — p — n tp — 2 TP — 1 TP — n 

yy — ^qqqq — U, Ag — 5, i-lQ — 251 "'■11 ^ " 


[Fl,F4] -2V1, [V2,V4] = IV2, 
[V2,V3]=Vi, [^3,^4] --§^3 


4 


III 


F ^ ~2np + y 


/i e R 


W ^0, B." ^ ^i, eP = kP = 


as in table [2] 


5 


II.2 


F = ^i^ 
^ p 






jp _ 3/(2^^-3)2 


^ 0, = -2 
12,13,14 = const 




4 


II.3 


F^^tRq^ 

P^ + 1 ^ 


H>0 


e (0, 


TP _ 3/ 4/^2 
^2 - Y m"+9 


[VuV2]^V3, [V3,Vi] = V2 
[V3,Vi]^V3, [V2,Vi]^V2 


4 



Table 3. Equations admitting large point symmetry groups 





Equation 


Characterization 


Symmetry algebra q 


dim g 


III 


F = -2^,{x)p+{l-^/{x))y 






a^ = ^(a;), bP = eP = hP = kP = 






IV 


F = qi' 


M^0,l,|,3 




TP _ 4-3/j 
^1 - p-1 


7^ 






VI 


F = exp q 




--3 


, I2 , I3 , I4 = cons< 


as in table [2] 


4 


VIII 






TP > _3 


TP - _3 I 2 
-^8 - 2+712^ 


i^gggg ^0, W = 




IX 


F = 4:fi{q - p2)3/2 _|_ _ 


> 


TP < _3 


TP _ 3 2 
^8 - -2 ^ 








XII 


F = (?3/2 




TP _ 3 
-■■8 — 2 
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